Appendix A (Cont'd) 



Unit 4Z. Fractions; Addition and Subtraction 

A. Given two fractions ' 1 with the same denominator, the student 
adds and states if the sum is • , • . or = to 1 . 

B. Given two fractions with the same denominator, the student sub- 
tracts- (LIMIT: Addend vl.) 



Unit 43. Money IV 

A. Given a picture of a set of U. S. coins and bills or a statement of 

• - the- va] lie of some set (e.g-» two dollars and thirty-five cents), the 
student writes the value of the set usiny the dollar sign and decimal 
point. (LIMIT: SlO.OO; 1 0 coin s in a pictured set.) 

B. Given a picture of a set of coins and bills and an item with a speci- 
fied purchase price, the student indicates whether there is not 
enough, just enough, or more than enough money in the set to pur- 
chase the given item. (LIMIT: $10.00; 1 0 coins in a pictured set. ) 

C. Given the price of a purchase, the amount of money given to the 
salesman, and a picture of a set of coins, the student identifies 
those coins which could be received as change. (LIMIT: $10.00 
purchase price; 10 coins in a pictured set. ) 

D. G iven an addition or subtraction problem involviny money values, 
the student solves it and labels his answer with the cent sign or 

• with the dollar sign and decimal point. (LIMIT: One operation per 
problem: 4 ad lends: sums to SlO.OO.) 

E. Given a picture of two sets of coins and bills, the student writes 

. or = between the sets to show the relationship of the value 
of the two sets. (LIMIT: $10.00; 10 coinri in a pictured set.) 

Unit 44. Time IV 

A. Given a clock face without hands and a linic stated either as ''a 
minutes before^" or "C minutes past d. " the student draws the 
hour hand and the minute hand to show the given time. (LIMIT: 
! through 30 minutes before the hour. ) 

B. Given a time statement of the form "a minute.s past b, the studnnt 
writes the time using the form "b:y. " Given a time statement of 
the form "b:y, " the student writes an equivalent time statement by 
completing a statement of the form " minutes pa.st . 

C. 71io student completes statements of the form "niere are 

hours in one Hay. " Given a completed clock face labeled to indi- 
cate the part of the day, the student writes the time in the form x;y 
wit^ the appropriate designation- -a. m. , p.m., noon, or midnight. 
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Appendix A (Cont'd) 



Unit 45. Applications 

A. Given a number sentence illustrating the commutative or associa- 
tive property of addition or multiplication, the student identifies 
the property. Given the name "commutative" or "associative" 
and a list of operations, the student identifies those operations for 
which the specified property holds. (LIMIT: Any given number 
sentence illustrates a single use of a single property; operations-- 
addition, subtraction, multiplication, division. ) 

B- Given an addition, subtraction, multiplication, or division sentence 
in which a missing addend, sum, factor, or product is represented 
by n, the student solves for the value of n. (LIMIT: Sums to 99; 
a one-digit factor and a one- to two-digit factor. ) 

C. Given an expression containing more than one operation, with the 
order of operations indicated by parentheses, the student writes 
the standard nunneral for the expression. (LIMIT: Four numerals 
per expression; no numeral occurs within more than one set of 
parentheses; operations - -addition, subtraction, multiplication, 
division: sums to 99; a one-digit and a one- to two-digit factor. ) 

D. Given a set of number sentences and a word problem which requires 
two different operations, the student identifies a number sentence 
appropriate to the solution of the problem. (LIMIT: Operations-- 
addition, subtraction, multiplication, division; an operation may be 
used only once; sentences with the unknown isolated on the right 
side of the equation. ) 

E. Given an addition, subtraction, or multiplication word problem and 
a list of possible answers, the student rounds the given addends, 
sum and addend, or the larger factor to estimate his answer and 
then selects the correct estimated answer from the given list. 
(LIMIT: Four four-digit addends; sums of four digits; one-digit 
factor times a three-digit factor; rounding to the nearest ten or 
one hundred: no rounding to the ten thousands* place. ) 

F. Given a picture or a description of finite set and a capital letter to 
name the set, the student defines the set by writing a stattMnent of 
the form A r .'a, b, c, d, e, f (LIMIT: 0 to 1 0 elements. ) 

G. Ciiven a finite set defined by a statement of the torn: A - a, b, c, 
d, e. f;and a list of possible subsets, the student identifies those 
sets which are subsets of the given set. (LIMIT: Possible subsets 
must be nonempty. ) 

II. Ci'ivcn data and a grid with the scale indicated, the .student draws and 
labels bars on the i^rid to complete a bar graph for tl e given data. 
(LIMIT: One set of data per graph: 5 bars per i^raph. ) 
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Appendix A (Cont^d) 

L Given a line graph or pictograph, the student answers questions 
and solves addition and subtraction word problems based on the 
graph. (LIMIT: Sums to 9. 999: one operation per word prob- 
lem. ) 

J. Given a Roman numeral, the student writes the equivalent standard 
numeral. (LIMIT: 2, 000. ) 
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Abstract 



This paper describes the work of LRDC staff members in develop- 
ini^ the Individualized Mathematics flM) program. This program, for use 
in grades incorporates elements from predecessor LRDC math pro- 

grams, IP! mathematics, and PEP quantification. It features the sys- 
tematic use of manipulative lessons in an individualized program and tlie 
gradual introsduction of paper -unci-pencil lessons. The paper describes 
the overall structure of the program, including lesson and test materials 
and cJas.sroon^ management procedures. It provides a rationale for the 
mathematics taught in the program by listing the pertinent descriptions 
aad definitions associated 'A'ith selected mathematical concepts, together 
'A'ith examples i>t instructional objectives derived from such def inition.s. 
Tlie pap/^r also provides ce\rtain types of evaluation data and .some conclu- 
sions concvrntny the genera^, tasks of developiTient and implementation as 
derived '.roin the three -year experience of the project staff. 
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THE LRDC INDIVIDUALIZED MATHEMATICS PROJECT: 
PROGRAM CONTENT. MANAGEMENT SYSTEM. AND 
PROCEDURES IN DEVELOPMENT AND IMPLEMENTATION 



C. M. Lindvall. Gwendolyn Dillard, Alice Ho.sticka, 
Joseph LaPresta» Judy Light, M. Kathryn Meese, 
George Miller, and Kathryn Pikula 

Learning Research and Development Center 
University of Pittsburgh 

Work at the Learning Research and Development Center (LRDC) 
on tho individuali/.ation of instruction in mathematics has involved thrcr? 
ii anil leant programs: Individually Prescribed Instruction (I PI: Lindvall 

f ,.J-/in. 1967), tho Primary Education l-*roject (PEP) Ouanliiicalion 
l\-.j£;ram (Resnick. Want^, 6 Kaplan, P"'-.!. and IndiWdualized Mathe- 
ri.a'ics HM). Each of thciie programs was initiated partially in response 
to practical needs etod .represented an effort to invostiL'ate certain new 
i^i**.-: as to how an instructional system could be made more effective. 
Al -hough each had iis unique characteristics, all throe programs were 
'closely relatffl and have been nnitually supportive. Each of ih^ hitter 
<.wo prOL:rams builtr to some extent, on the program^ that prec*::ded it 
and atVemptiod to correct certain weaknesses in predecessor pro.: ram.^. 
In a sense, tliese thror prOi.;ranitJ can be considered as repro:- .;nting thr<.'e 
successive sta^e? in iht? Center '.s efforts in dt-sii^fiin.; indivi']iiaIi::*-H in ■ 
strvictional sysN'm.^. 

rpl r-.-presented the LR:.H:'s pione-.Tinu effort in de.^iginnL: a syFteni 
.' indivifJuan/.inti irrstruction. 1'\\c trrsiphasis in it.'^ devflopment wa*j on 
litJ identification and use of specifi'- system components (placement tests, 
pi'.'tests, ciirriciihini-embedded tests, lesson booklots,, p -.-r' .-^c ription- 
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writing procedures, etc. ) that permitted a classroom teacher to imple- 
ment individualized instruction. The general rationale tor designing this 
type of instructional system lias been described by Glaser (1965), and the 
basic principles which guided the identification of specific program com- 
ponents have been discussed by Lindvall and Bolvin (1967). 

The PEP program was initiated, partially, tin an effort to provide 
an effective program for use in preschool, kindergarten, and grade one 
(levels at which the FPI curriculum was either nonexistent or obviously 
inadequate). More importantly, however, from, the point of view of in- 
creasing sophistication in LRDC's approach to pro^raxn design, it intro- 
duced significant new. components. The desigii of the PEP curriculum 
involved the systematic application of behavior analysis procedures and 
the development of hierarchies of objectives witJ^in each unite Procedures 
followed in this have been described by Resnick. Wang, and Kaplan /i973). 
PEP also introciuced the planned use of manipulative materials in both 
lesson materials and tvPts. W'hat this involves i$; described in a later 
section of this report. 

Tlu- IM program can be considered as an effort to takf the most 
successful components of both I PI and PEP, develop mortr detailed prt-j- 
cedures for classroom management and instruction, ?in,d design a pro- 
gram for the primary grades. In part, it developed from a need for 
extending the use of procedures and materials included in the PKP pi o- 
gram into higher levels of instruction (grt\des 1 <tnd 3) and for providing 
for a sm.ooth transition from a PEP-type ciurriculuni, with tts hoavy 
reliance on manip\ilati ve It; s sons, to a workboo!: oriented curriculum, 
as in the upper levels of the IP! progr-nm. Major innovation^; introduced 
by the IM pr n^ct included; (a) tho carefv.l integration of n^ianipulati ve 
materials with pa pt- .-- and -pencil cxercitic^ to leach a given objective: 
(b) the production and us^e of lirviform manipiilative niate rials ("boxes") 
in all classrooms in the primary grades;: (c) the development of manuals 
ff*. the 'J'eachei-' s Ma.Tta l t ' indvall, Note I; anrl iho r<-.-^ting Manual 

f 

1 



fLindvall. Note 2]) and guidelines (clj.. "Classroom Management of the 
Individualized Mathematics Program" [Lindvall, Kote 3] ) which provide 
detailed descriptions of the management components of the instructional 
system: and (d) the attempt to reJate the specific Instractional objectives 
of the cur riciilun: to concept:?, definitions, and operations representing 
basic rompohents of tlie content of modern mathematics. The rationale 
for the* FM project's concern for attention to all components of tho instruc- 
tional proyram or "system" is cont;^ined in "The Learning Research and 
Development Con^^er Individualized Mathematics Project" (Hosticka, 
I^ight, Lindvall. Meese, Miller, Oles, Note 4), A rather complete 
analysis of the basic modern inath content that underlies the IM program 
if-; provided by Hostick'i (l?73). 

Goals of the IM Project 

U"ork on ihc IM project was directed toward the achiovenient of ccr- ■ 
lain specified yoals. These £;oai;. may be categorized according to tl ree 
types: (a) desir*^ rl changes in pupils, fb) characteristics of the? proposed 
program, and (c) basic questions to be investigated. 

Desired Changes in Pupils ' 

The iillimate, or "payoff. " goals for any instructional system con- 
sist of the desired changes in pupils that the program is designed to pro- 
duce. For ihc IM project, these i^oals were identified as involving a 
continuation and extension of the basic goal of IP! and of other LRDC 
projects, nan-.ely, that the program -.vould be "adapti-.-. to ;h»; r..-quire- 
ments of Ihe indieirhtal learner , , , |;n such a wriy as to develop within) 
ihe stii''!t*nt- die fa* , or able attitudes and the abilities which will enhance 
the nroba^;ility that he will continue to be a learner throughout his life" 
fl.infivall f. Cox. 1 '^70, p, 34), The IM project identified three general 
.ispect.'; of !his basic goal as defii.in^ the project u^^als; 
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1. The pupil v/ill acquire, in addition to competency in perforfning 
arithmetic optrTStions, mastery of mathemaMcs content which 
emphasizes >pasic sfr\jctu?re, properties, and relations, ant^ 
will be able to di^'play this masierv at a level of understanding 
which provides a sound basis f,or "n«oving on" in rnathematics. 

1^ The pupil will acquire ''study skill" abilities that permit him 
or her to learn from a Vii^icty of types of nr<iterials and ex- 
periences and will acquire abilities in self-direction and self- 
evaluation which will enable him or her to be an effective inde- 
pendent learner. 

3. The pupil will acquire a "positive attitude" toward learning 
and toward the study of math. 

Process Gortls; Characteristics of the Proposed Program 

Although payoff goals define the ultimate purpose oi a development 
effort, the/ seldom provide real direction for development activities. 
To serve this latte: purpose, goals should be spelled out in ar.swer to 
the question, "\VTiat will be the major characteristics of this proposed 
program if it is to produce the results described by the payoff goals?" 
These process goals are related to and derived from the payoff goals, 
but they should describe the essential qualities that will characterize the 
program when it is completed. They describe the prograrn in terms of 
the major elements that will determine the "process" to which students 
are exposed as they -study under this system. As such, they provide 
direction for development efforts and major criteria for assessment of 
the completed program. The process goals for the IM program include 
the following : 

1. The curriculum will be based on mathematics content which 

emphasizes an understanding of mathematical sy . toms as well 
as competency in performing operations. 



2. 'Flic specific objectives ot ihe curriculum will be organized 
into hierarchies within units, and units will be organized in 

a structure of hierarchical relationships, in such a way as to 
permit identification of prerequisite relationships and alterna- 
tive instructional paths. 

3. The program will provide for some variety in instructional 
materials, including paper-and-pencil and manipulative activi- 
ties, and provide for the progressive development of independ- 
ent study skills. 

4. The program will be an instructional system made up of speci- 
fied components involvinij; materials and specific procedures 
for pupil and teacher use of the materials. 

l! .slioiild be pointed out that these four process L^oals represent the 
relatively unique rmpha.-is of the program development effort. Since 
■M includes many of the components fnund in PEP and IPX, it shares most 
of the process Lioals of these programs. ^ However, these latter goals, 
dealing largely wiili the desired characteristics of a system of individual- 
i'/.v-'J inst rviction, ciid not pro\'ide direction for development efforts unique 
to the IM program and, hence, are not included here. 



'For example, the j.'.oals of IPI wrre .-tati.d a?; (1) Fvi-ry pupil 
mtakcs re'^ular proi;ress towards mastery of instructional conrcrtr. 
(1^ Every pupil proceeds to mastery of in^^t ruction^.] content at an opti- 
mal rate. (3) fCvery pupil is en^Cti;ed in flv/ learnirii: process; through 
aClivf in\ oIvei;i<jul. i-i) 7r,o pupil -is invol\ ed ir: 3ejirni;m a c : i^i* i-?.-^ thai 
are v.'liolly or partially sr* If -directed and r^elf-s electee]. (^^ llie pupil 
plays a major role in evaluatin-j, the qua lit v, ex ten:, ami r.-. pidity of liis 
proLire-s ((jv/ards mastery '^f surcr-ssivt: area?: of the ]ear:in^ continuum. 
{'.') different pupils work wit'n differvi:* Itv't rr-.in^ T'.■:a;^•:•iai^^ an'! techniques 
of instruction adapted Jo individual nec<ir and learnin;; stvh . n.incivall 
i^- Cox, 1 ^'70, pp. 30- 34 I 



Basic Q u -esiions Investigated 

Since work on the IM projr:ct involved an extension and further trial 
of program components suggested by earlier LRDC development ar.tivi- 
ti^:^, the staff also thought of its work as Involving an examination of 
questions or hypotheses concerning the usefulness of these components 
in a program of the scope of IM, These questions may be posed as fol- 
lows: 

1. Can manipulative materials be used by primary grade pupils 
on an independent study basis under classroom procedures 
that can be managed by the classrocm teacher? 

2. Can a hierarchical structure of units of instruction be developed 
for a relatively large segment of a curriculum (approximately 
four grade levels, i, e. , K-3), and can such a strucnire be 
used in a meaningful way by teachers and pupils'.-* 

3. What are some of the problems encountered with respect to 
production, maintenance, storage, and distribution in the 
broad-sca«le use of manipulative lesson materials? 

4. What are the essential system components with respect to 
pupil procedures, teacher activities, and general classroom 
management techniques for this type of individualized instruc- 
tion'^ 

Answers to these questions are provided in the later sections of 
this report that describe the management system and the results from 
the use of evaluation in program development. 

THE MATH>:MATICAL content of the IM PROGRAM 

In developing a curriculum in a subject matter area, the developer 
must be concerned with the identification of the content that i^s to be 
"covered" and with the behavior conipeter;cies that a student is to be 
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expected (o acquire with respect to that content. Glaser fI965) has called 
these concerns the tasks of developing the cont'jnt repertoire and the com- 
ponent repertoire, respectively. Quite obviously, in the development of 
a curriculum in an established content area such as primary grade mathe- 
matics, the developer is not faced with the task of defining totally new 
content or component repertoires. Both the existence of established cur- 
ricula that have shown a degree of success over some period of time and 
the practical requirement that any new curriculum program be integrated 
into a total school program that anticipates certain outcomes from a basic 
skill subject .such aa mathematics dictate that the developers of a new 
program give careful attei.rion to what is taught in existing programs. 
Any new mathematics curriculum then must, in a sense, be a modifica- 
tion and adaptation of existing curricula. 

In identifying the units of study and the specific instructional objec- 
tives for the I\! program, ihe staff made use of a variety of resources. 
Major sources of ideas were the IPI Mathematics and PEP Quantification 
curricula, together with evaluative information concerning the effective- 
ness of the structures of objectives in these programs. Ideas obtained 
from these sources were .supplemented by a careful reexamination of a 
variety of other curricula, including the School Mathematics Study Group 
fSMSG) series and various textbook series somewhat derived from the 
SMSG experience. 'fhe objectives obtained from all of these sources 
were» in turn, reviewed and edited by relatin,» them to basic definitions 
of mathematical concepts and operations as provided by mathf matician.s. 
Hiis total process was a reflection of the project's concern with the 
development of a program that facilitated child ren^s learning o! inathe- 
rnatj£s. building on other curricula and or. research and evaluative 
information fbat provided some guideline? as to when pupils could learn 
various concepts and as to the order in which some ot :hti^c j^hould be 
raugh! reflected the concern for effectiveness in children' . learninu . 
Editinii !nese objectives on the basis of rn?.rhemai Tcianj--^ definitions of 
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concepts and operations reflected the project»s interest in insuring that 
what was learned was sound mathematics . 

In examinini; this scclu . on the mathematical content of the IM pro- 
gram, then, the reader should not expect to find every concept and defi- 
nition listed here included in a specific objective of the program. No 
attempt was made to derive objectwos from content definitions through 
this type of one-to-one relationship. Rather, the content listed here in- 
cludes those definitions whicr tho rftaff fcjnd to be of key importance in 
editing their objectives for correctness, completeness, and possible 
sequential dependency. Itie content summary was also important a^ a 
source for suggesting certain objectives to be added to the curriculum. 
In addition, it was useful in providing ideas as to how certain topics 
might be organized and taught. For example, if the defini ,on of a con- 
cept indicated that a pupil would ultimately have to understand the con- 
cept in a given way. then this provided some guidance as to how the 
concept should be approached at the primary grade level where less than 
complete understanding was tha goal. Finally. rJiin general description 
of the content of the IM program «ives the interested rea ler an indica- 
tion of the mathematics towards which primary grade instruction should 
be directed. 

The IM Program and "Modern Mathematics" 
In a general sense, the content of the Individualized Math Program 
is that which has come to be characterized as "modern mathematics. " 
What is covered in this curriculum has much in common with wh.it is 
found in 'he elementary school textbooks prepared by the School Mathe- 
matics Study Group (1^^^=^) and in most of the more widely used commer- 
cial textbooks that propose to teach modern mathematics. Further 
direction for the LROC effort has be(«n provided by the rather broad 
suggestions found in the Report of the Cambridge Conference. GoaTs 
for School Mathematics (lf^63). In general, the overall ^oal in terms 
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of pupil content acquisition is to have pupils acquire those abilities and 
uncierrtandin^s defincc! by a "r.iodern mathematics" program which will 
permit the pupil to make an oasy transition to a modcrr junior high and 
liiyh school program. 

The decision to base the content of the new LRDC math program on 
that generally described as "modern math" was based on considerations 
such as thn following: 

1. Tliere appears to be substantial consensus among most of the 
more widely used textbook series concerning what type of content should 
be offered in today*s elementary school. Much of this consensus appears 
to derive from an acceptance of the SMSG series as providing overall 
guidance as to what should be taught, 

2. The focus of the LRDC development effort has been on adapting 
instruction to individual differences in pupils. Because of the particular 
focus of the IM project, it has looked to other prestigious groups, indi- 
viduals, and agencies for guidance in identifying the content to be taught, 
A rnaior resource of this type has to be the work of the SMSG and many 
relate:! "spin-off" efforts. Tlie hundreds of mathematicians and teachers 
involved in ihis effort, tlie amount of money and number of man-hours 
invested, and the widespread use of the textbooks and other materials 
produced made tlie .SMSCi math content a basic reference point for any 
new^ math program. In the I.RDC program, thi? content ran be con- 
sidered as providing a basic starting point from which Goals ior School 
Niallieuiatics (M^o3) and many more recent efforts such those o: 
Dienes (Dienes o. fiolding. 1^7 1) and others suggest direction- iov addi- 
tional content and experiences. 

3. "Mofic.-n T:',ath" i? not merelv a now way o: orizani/in:^ and 
trnrhin^ »' 1 ott- enr a rv ,inci secondary school rr.athematir !r reilects 
cliaiii;*' in. and arldiuoris to, (he \ouA boriy u\ knowled^f tb <\ is known 
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as malhematics. Wilder i\^70). in discussing the characteristic fea- 
tures of modern mathematics, said: 

During the past half-cent\ary» new types of structures have 
been created which not only have furnished means for the 
solution of long-standing, unsolved problems, but also have 
provided an instrument without which the student would hardly 
be able to comprehend the vast accumulation of new mathe- 
matics which is being discovered (or inv< nted). (p. 19) 

Modern mathematics in the elementary school typically provides for an 
introduction to such structures as well as io many other aspects of the 
new body of mathematical knowJedge. Not to teach modern math in the 
elementary school would mean being out of phase with mathematics as 
a content discipline. 

4. Modern mathematics provides a sound and an interesting basis 
for effective instruction. lU'cause of its emphasis on the structure and 
properties of such things as the number systems and the operations de- 
fined on these systems, the newer approach to math provides a basis for 
a real understanding of content and procedures. Also, because of its 
many suggestions lor physical representations and manipulations of basic 
concepts and its emphasis on exploratory and discovery activities, inter- 
esting types of instructional procedures can be designed. 

5. Identifying a program as being based on "modern mathematics'" 
does not minimize the importance of computational skill nor the impor- 
tance of being able ro use mathematics to solve prr^ctical everyday prob- 
lems. The IM program place*; significant emphasis on both of these 
abilities. 



The. Struc ture of Matheir.atical Systen^^ 

A =;ubstantial portion of the content of The new IM program can be 
considered as directed toward the pupils achieving compre -en sion of 
"the structure of the rational number system. " Hie t-arlier quotation 
from Wilder (1970) suggested that the creation of mathematical structure 
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represents a major contribution to the integration of much of mathematics. 
In the same article, he ^oes on to state that teachers have found that such 
structaires "afforded a valuable educational device, while at the same time 
accomplishing the objective of simplification and consolidation" (p. 21). 
Near the conclusion of his article, he suggests that "more emphasis will 
have to be placed on mathematics as the study of structure" (p. 22). As 
mentioned above, one structure that is of major concern in the IM pro- 
gram is the structure c'' the rational number system. What is implied by 
this concern'^ 

A mathematical system may be defined as consisting "of a set of 
elements, one or more binary operations defined for these elements, md 
a relation, together with the properties which the elements are to obey 
under these operations" (iMcFarland Lewis, 1966, p. 280). In the 
rational number system the elements are the rational numbers, the 
basic operations are addition and multiplication, the relations include 
equivalence and order, and the properties include closure, cominutativity , 
associativity, dis t ributivity , and the presence of identity elements and 
inverse operations. The study of the structure of the rational number 
system then involves the study of these specific numbers, operations, 
relations, and properties. 

Pefining tb(? content of a math program in this way does not elimi- 
nate any important part of the content of traditional elementary .-:chool 
arithmetic. Ptipils still learn to add, subtract, multiply, and divide: to 
use the base 10 numeration system; and to work with fractions and deci- 
mals. Nor does this emphasis on the structure of the number system 
mean that there is a contimiint: emphasis upon a formal study of propt-r- 
ties and other components of the system. Rather, the emphasis on 
structure ro\-i'als itself in the way in which many of (he traditional opera- 
tions anfl other content are presented. For exan^ple, ratli.;r early in 
(heir work on addition and multiplication, pupils solve pairs of simple 
problems to show tliat these operations are associative anr! commutative, 
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even though these terms will not be used. As anothc^r example, an acidi- 
tion table ^matrix) might be developed and used not only as an aid in 
learning the addition facts, but also as the basis for an informal intro- 
duction to 7,ero as the identity element in addition, to the inverse rela- 
tionship between addition and subtraction, and to the basic idea of opera- 
tions or functions. This largely informal introduction to the structure 
of number systems should provide an important background to the more 
formal study of such structures in junior high and in high school algebra. 

On the basis of this general description of the basic conccpi-^; in- 
volved in a definition of a "mathematical system, " certain concepts ani 
operations can be identified as providing the major components in the 
content of the IM curriculum. These include the following: 

1. Sets. 

2. Number. 

3. Addition and Subtraction of Cardinal Numbers. 

4. Expressions and "Other Names for Numbers. " 

5. Radix (Base) Nunieration Systems. 

6. Multiplication and Division of Cardinal Numbers. 

The content associated with each of these topics is described in 
the following sections of this paprr. In each case, the content is intro- 
duced by citing definitions and derfcription.s of the mathematics involved. 
These definitions and descriptions should be considered as presenting 
major components of the mathematical content of the program. As such, 
they provide a basis for the inclusion of related instructional objocLiver-. 
Also, these definitions arc of use to the curriculum developer in pro- 
viding guidance that will prevent him from developing objectives or 
learning activities that are not "mathematically correct." Kollowinu 
the descriptions and definitions, there are short discussions of the rele- 
vance of these ideas to the curriculum and samples of ohjectivt-s. 



17 

12 



I. Sets 



The concept of set is used as a starting point for developing defi- 
nitions of key concepts in many modern approaches to mathematics. The 
central importance of the idea of "set" is presented in the introduction of 
tlie SMSG program as follows: 

Why sets? We know that most of an elementary mathe- 
matics program is concerned with arithmetic, and that 
this begins with counting and addition. Why start with the 
idea of sets'?" . . . 

One answer to these questions is that a set is what you 
count. We count 6 cats, or 6 boys, or 6 ice cream cones. 
Yet the concept of the number 6 does not depend on cats, 
boys, or ice cream cones. The thing that is common to 
all of the collection of objects which we count is that they 

notion of set will recur throughout the 
entire mathematical program and it is wise to introduce 
the term early and to use it effectively in building the 
notion of number. We shall also see that the simplest 
descriptions of addition and subtraction . . . ar-e in terms 
of manipulation of sets of physical objects. (School Mathe- 
matics Study Group, 1965, p. 1) 

Working with sets of physical objects can be an irr.portant learning 
experience as the student is being introduced to mathematics. Levi 
(1954) states that "a great deal of mathematics can, in fact, be regarded 
as a logically precise realization of an experience ..." (p. 18). Sets 
of objects are used to systematize the experiences of beginning mathe- 
matics students in order to provide a framework within which the student 
learns to describe these experiences in logically precise terms. Although 
we do not expect the early elementary litudents to be logically precise in 
their language, we do expect thum to bo.;in to approximate precision. 

D escriptiont; and Definitions 

Set. (a) "A . . . bunch of thing:^" (Kt-llev. \o70. p. 7h): (b) ". . 
somo colleciion or aggregate ot objects" (i-Woi f< Nt-wsom, 1958. 

p. 

I'd 
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Elements of a set , fa) . . the thiniTri that bclonj; i:o the bunch 
are called members of the set or elements oi thtv st^t" (Kelley, 
1970, p, 76). (b) . . the objects which make up a set . . . 
and ... we shall pur no restriction on the natfun- of thc^v: objects" 
(Eves Nev/som. 195S, pp. ZZt^-ZZl). 

D esignation of sets . Tliere are Pxo ways of designating a '..ot: 

(a) by itemi/.inij; each meniber of the set, i.e,» 2» 3. 5, . . - 
"This is the roster notation" (McFarland ^ Lewis, p. 9); 

(b) by specifyinsj; a defining property which every tilemcnt of the 
set possesses, i.e., "all the prime numbers less than ten" 
(Morgan Paiiiie, 1^63, p. 2). 

Univer sal set , (a) "In n;any discussions, it is useful to regard 
all sets with which one may be concerned as sub -sets of an over- 
all embracini; set I; I i^i then known as tlie universe" (Eves K- 
Newsom. 19^8, p. 228). 0^)) • • an overall inclusive set for a 
particular discussion is caH.;d the universal st-t for that discus- 
sion" (McFarland 8. Lewis, l96r:, p. 12). 

P airinij . "We have two bunches of things (sots) and we pair off 
the things (elements) in one bunch with the things in thr,- other. 
. , . This pairing process ciecides for us whether there are just 
exactly as many things in one bunch as in the otlu'r or whetlier 
there are more in one bunch than the other' (Kelley. l^'Td, p. 76). 

Q n'-e-to-one correspondence . "7\vo sets A and I' are said to bi? in 
one-to-one correspondence when we have a pairing of the elements 
of A with elements of V> such that each element of A corresponds 
to one and only one element of B and each element of h corresponds 
to one and only one element of A" (Eves Newsom, 1958. p. 23(.). 

Equivalence, (a) "Two sets A and B are said to be equivalent, and 
we write A - B, if and only if they can be placed in one-to-one 
correspondece" (Eves ^- Newsom, 1958, p. 237). (b) One set 
matches another, and the two sets are equivalent if and only if it 
is possible to find a one-.'o-one correspondence between them" 
(Kelley, 1970, p. 79). 

Comparison of sets . "If A and B are sets, then precisely (jne of 
the following occurs: A matches a proper subset of I^, A matches 
B, or B n»atches a proper subset of A" (Kelley, 1970, p. .S3). 

Equal sets , (a) "7\vo equivalent sets are identical if each is a sub- 
set of the other . , . we use the symbol ' = ' " (McFarland Lewis, 
1966, p. 26). (b) "Two setr, A and B are said to be equal, and we 
write A = B, if and only If every element of A is an element of B 
and every element of B is an elernent of A" (Eves ^ Newsom. 1958. 
p. 227). 

14 
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Same number . ''We return to the notion of pairing . . . which 
underlies the idea of number. We . . • say that two sets have 
the same number of members provided the members of the first 
set can be paired off with the members of the second se "s/ that 
both sets are used up '' (Kelley. 1970. p. 81). 

Relevance of Content and Sample Objectives 

The ability to pair and to compare two or more sets is basic to an 
understanding of the concept of number (see definitions of "cardinal num- 
ber*' in following section). Although a majority of children learn to do 
rote counting before they are exposed to formal instruction in arithmetic, 
their development of un understanding of number is probably a gradual 
process, with work on the comparison of sets representing a key aspect 
of this development. Understanding that sets have the "same number" 
because they are equivalent when matched one-to-one should also be use- 
ful in comprehending number sentences involving the use of the "equal" 
sign. It can also provide a basis for teaching the concept of the "missing 

addend" and "other names for numbers." The following objectives repre- 

2 

sent a sample of IM objectives related to this content area: 

Given 2 sets of objects, the student pairs the objects and states 
if the sets have the same number of objects. 

Given 2 sets of objects, the student pairs the objects and states 
which set has more. 

Given 2 sets of objects, the student pairs the objects and states 
which set has less. 

Gfiven 3 sets of objects, the student matches and states which set 
has the most, least. 



'^Objectives listed in this math content section of this paper are 
intended to serve only as examples of objectives related to n'lvcn con- 
tent. A complete listing oi all IM objectives, oriianized inio vinits, is 
presented in Appendix A. 
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2. Niimbe r 

"Number" is a major and central concept in the content of an 
arithmetic curriculum. In the mathematical system.s (such as the 
natural number system anrJ the rational i. umber system) with which 
arithmetic is concerned, numbers are the "elements" of the system. 
The approach laken here to the development of number, as derived 
from the concept of set. has been explained by Kves and Newsom (195«) 
as follows; 

We saw how the great bulk of classical mathematics can be 
reached from the natural number system in a purely defi- 
nitional way. and thus how the consistency of classical 
mathematies can be made to rest upon the consistency of 
the basic number system. It is natural to wonder whether 
the starting point of the definitional development of elassi- 
cal mathematics cannot pi^-rhaps be pushed to an even deeper 
level. Mathematicians who attempt such a construction 
usually start with the theory of sets, the concepts of which 
ar* already involved in the postulational development of the 
u^lural number system. The success of the program en- 
ables one to define natural number in terms of sets, and 
hence to reduce the number of undefined terms that must 
be assumed in mathematics, (pp. 235-236) 

Because of the importance of ,he child's acquiring a proper com- 
prehension of the idea of number, a systematic and somewhat extended 
sequence of objectives is needed to include all the necessary concepts. 
Since the essential process involved in determininji the cardinal number 
associated with a set of a given i^izc is that of ccuntmg, this coCtcept and 
procedure is introduced along with that of number. Also, since "in 
order to use the concept of number effectively, we have to have names 
for pc.rticular number.s" (Kelley, 1970, d. numerals must be intro- 

duced in this same context. 



Descriptions and Definitions 



Cardinal number, (a) "Two sets which are equivalent are said 
to have the same cardinal number. All sets that have the same 
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cardinal number as the set a are said to have the cardinal nnm- 
ber one for fo contain one element); all sets that have the same 
cardinal Mumbcr as the set a» b are said to have the cardinal 
number two (or to contain two elements) . , . and so on. We 
shall denote the cardinal numberf* cne, two, three . . , by 1 , Z, 
3. . .. (Eves ^ Newsom, 195f>, pp. 237-238). (b) "Bertrand 
nussell , . , employed Ihe idea of . . . [Definition (a)] in basic 
fashion when fhe] defined the cardinal number of a set S a<' the 
set of all sets equivalent to set S" (Eves Newsom, 1 958, pp. 
237-238). (c) "The number of members in a set is the bunch of 
all sets which are equivalent to it" (Kelley, 1970, p. 81). 

Whole number , (a) "The set of whole numbers is W = (u. 1, 2, 3, 
4» . . .)" (McFarland & Lewis, 1966, p. 108). (b) "The set of 
natural numbers or counting numbers does not include 0; it begins 
with 1. The set of whole numbers does include 0. These numbers 
0, 1, 2, 3, 4, . . . the 0 is used in the cardinal sense to mean 
'not any» and is read zero (as 4 - 4 = 0)" (Flournoy, 1964, p. 18). 

Integers . "The set of integers , I, is the union of the set of natural 
numbers, N, the number 0, and for each n t N, the number n 
such that n + -"n = 0" (McFarland Lewis, 1966, p. 157). 

Rational numbers . "The set of rational numbers , Q, consists of 
those numbers which may be expressed in the form £, a, b, e 
I ^ 0" (McFarland Lewis, 1966, p. 209). ^ 

Numeral , (a) "In order to use the concept of number effectively, 
we have to have names for particular numbers. Numbers, like 
people, may have many names" (Kelley, 1970, p. 86). (b) "The 
difference between a number and a numer;*l is precisely the dif- 
ference bel-ween a person's name and the person" (Kelley, 1970, 
p. 86). 

Counting , (a) "We usually say that a set having count n contains 
n elements or has the cardinal n" (Deskins, 1964, p. 46). (b) "A 
nonempty set S of distinct objects has the count n, n a natural num- 
ber, if and only if there exists a one-to-one mapping F of the set 
S onto the set M. of the natural numbers m <. n. Such a mapping 
F is a counting of the set S" (Deskins, 1964, p. 46). (c) "The 
process of assigning the number N(A) to each set A can be called 
counting" (Kelley, 1970, p. 81). (d) "Invariance property: sup- 
pose that A matches a proper subset of B and suppose A- matches 
A and D matches B, then A- has fewer members than B ■=" (Kelley, 
1970, p. 83). (e) "If a and b are any two natural numbers, then 
one and only one of the following situations obtains: a ~ b, a < b, 
a > b" (Eves Newsom, 1958, p, 198). 
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R elevance o f Materials a nd ^ 5^P^^ Objectives 

While yoine work with naming equivalence classes of sets can be 
done without countrnL*, there is a limit as to iiow many objects one can 
recoj^nize visually without counting, ^l^e following objectives n-prosont 
the types that v/erc defined to establish a meani,ngiul basis for counting 
and for actually teaching counting: 

CTiven 1 objects of different sizes, the student selects the larg»M- 

(smaller) object. 

Given a set of 0-=^ irjoveable objects, the student counts objects 
moving them out of set as he counts. 

Given a set of 0-10 moveable objects, Hie student eoxints objects. 

Given 2. sets of objects, the student counts and states which set 
has more (less) objects or that the sets have the same number ol 
objects. 

Given 3 sets of obiects, the student counts and states which set 
has the most (least). 

Given a set of objects and a set of numerals, the student selects 
the numeral that represents the set, one more than the set, and 
one less than the set. 

Given a number stated (to S) and a set of objects, the student 
counts out subset as stated. 

Given a number stated (to 10) and a set of objects, the student 
counts out subset as stated. 

3. Addition and Subtraction of Cardinal Numbers 

When a student has acquireo some understanding ol the concepts 
set and number, he has been introduced to the "elements" of a mathe- 
matical system and is prepared to undertake some work with "operations. ' 
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The first formal operation with numbers that the student is introduced 
to is that of addition. Work on addition and subtraction is preceded by 
activities with sets, including the forming of unions of sots, the removal 
of subsets, and "adding to" or "taking away" from one ?et to make it 
equivalent Lo another set. The basic mathematical terms and expres- 
sions that are of relevance here are subset , union of sets , difference 
of sets , intersection of sets , complement of a set , and the definitions 
of addition and subtraction. 



Descriptions and Definitions 

Set properties , (a) Subset : "A set T is a subset of a set S (T C S) 
if and only if. every element of T is also an element of S (Deskins, 
1964, p. 3). (b) Union of sets : "The union of two sets, A and B, 
written as A u B. is the set x ' x • A or x B" (Herstein. 1964, 
p. 2). (c) Difference of sets : "Given the two sets, A, B, then 
the difference set, (A - B) is the set {x 6 Alx *| B}" (Herstein, 
1964. p. 5). (d) Intersection of sets : "The intersection of two 
sets A and B, written as A r> B, is the set {x i x C A and x B}" 
(Herstein. 1964, p. 3). (e) Complement : "The complement of a 
set A relative to a universe I is the set of all elements of I which 
are not elements of A. When the universe I is clearly under- 
stood, we denote the complement of A by A' " (Eves & Newsom, 
19SH, p. 228). (f) Disjoint : "[When two sets] . . . have no ele- 
ments in common, that is, their intersection is the empty set, 
they are called disjoint sets" (McFarland & Lewis, 1^66, p. 18). 

Addition . "The addition of the whole numbers a and b is the 
assignment of the whole number c to the ordered pair (a, b) such 
that N (A) "f- N (B) = N (A u B) where A and B are finite sets, 
A n B = c'> and N (A) = a, N (B) = b, and N (A u B) = c. That 
is, a + b c" (McFarland ^L- Lewis, 1966, p. 108). 

Subtraction . "Definition of subtraction ut;ing removal of a subset: 
The subtraction of the whole numbers a and b (b i a) i . the 
assignment of the whole number c to the ordered pair (a, b) such 
that N (A) - N (B) = N (A - B) where A and B are finite sets, 
B A, and N (A) = a, N (B) = b, and N (A - B) = c. That is 
a - b T c" (Hosticka, 1973, p. 60). 
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Relevance of the Material and Sample Ojbectives 

The foregoing termri and definitions provide the important mathe- 
matical content basis that must be considered in developing curriculum 
objectives in the area of addition and subtraction, 'fhey represtmt a 
major basis for the conten' of the IM program. However, thiy does 
not mean that these formal tcrm.s and definitions are to be mastered by 
the student. Instead, they arc taken as describing some of the actual 
physical operations v/ith sets that the student should experience before 
being introduced to the formal operations of addition and svibtraction and 
which he should be able to relate to these parallel operations wUh num- 
bers. Irt tJie interest of siniplication and the elimination of sorne coni- 
plications that art* not necessary at this level, certain re str iction.s are 
placed on the way in which these concepts are used. As an example, 
although \inion of sets is important in the introduction of addition, the 
union must always be of disjoint sets. Since the development of addition 
is of primary importance, the union of nondisjoint sets is not dealt with 
at this time. 

The following are examples of objectives concerned with helping 
the student acquire the basic meaning of addition and subtraction of 
whole numbers: 

Given t^v^'o sets, the student makes the two sets equivalent 

by adding or removint^ objects. 

Given two numbers (whose sum is to 9) and a set of objects 
with the directions to add, the student adds the numbers by 
counting out two subsets, then combining and stating the coivt- 
bined number as the sum. 

Given two numbers (to 9) and a set of objects with directions 
to subtract, the student counts out smaller subsets from 
larger sets and states remainder. 
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Given two sets, the student draws a picture showing the union 
of these sets, (Limit: Maximum of 9 elements in the union 
set, ) 

Given a set, the student shows (i, e, , by crossing out objects) 
the removal of a subset. 

After the student has acquired an understanding of the basic opera- 
tions involved in addition and subtraction, he is ready to learn to read 
and write number sentences. The number sentence can be generated 
from the student's work with sets. 

Given a representation of union of sets or removal of a subset, 
the student writes the number sentence, (Limit: Sums through 
5.) 

Given a representation of union of sets or removal of a subset, 
tlie student writes the number sentence, (Limit: .Sums from 
6-9,) 

Given pictures, the student illustrates union of sets or removal 
of a subset, and writes the number sentence. (Limit: Sums 
through 9. ) 

4 , Expressions and "Other Names for Numbers" 

Expressions are an important part of a mathematics curriculum 
in that they give the child insights into the relationship of operations 
and number names. Being able to use an expression as a legitimate 
name for a number refines the child^s concepts of equality and the opera- 
tion represented in the expression, 

Descriptif>ns and Definitions 

Expressions , (a) "Numbers, like people, may ha\ e many names " 
(Kelley, 1970, p, 86), (b) "We define the useful concept expres- 
sion by listing the things that are to be so describe' , (a) Each 
cardinal number in standard form is an expressior . (b) Each 
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variable whose domain is the set of cardinal numbers is an 
expression: (c) If A and B are expressions, then (A) f (B) 
is an expression: (d) If A and B are tixpre s sions , then 
(A) • (B) is an expression. 

Note: Items c and d state that any two expressions can be 
used to form new expressions by enclosing each in paren- 
I'r.eses and then combining them by either addition or mul- 
tiplication. We attach a further stipulation that if either of 
the expressions so combined is a cardinal number in stand- 
ard form or a variable whose domain is the set of all cardi- 
nal numbers, then no parentheses are to enclose that expres- 
sion. 

Examples; Items c and d certainly certify as cxpressionp 
each ot the following; 3 -f- 5. 3 • 5, 3 + x. x f y, xy. They 
also certify as expressions more complicated combinations 
such as (3 f 5) + (6 4- 1 1 ), (3 + x) + (yz). and ((x + y) (5z)) + 
(3w)" (Levi, 1934, p. 34). 



Relevance of Material and Sample Qbiectives 

The importance of attending to the use of expressions as other 
names for numbers is revealed in the number of children who do not 
pay attention to signs or understand "equals. " A child who reads the 
number sentence 8 = 2 + 6 as "eight plus two equals six" not only is 
showing a lack ot attention to signs, but is showing a lack of compre- 
hension of addition and equality. Errors of this type are not uncommon 
in the elementary grades. In an effort to minimize misunderstandings 
cf this sort, the IM program provides for extended work in writing 
exi.ressions, equations, and 'V»ther names for numbers." Some exam- 
ples of objectives in this area are the following: 

Given a number sentence in the form a + - c or C] ^ ^ ' 
the student completes the sentence. (Limit: Sums through 9. ) 

Given a number sentence in the form a - J the student 

gives several solutions for the sentence. (Limit: Sums through 
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Given a set or a number line to represent a sum, the student 
writes several addition and subtraction sentences for each 
sum. 

Given a set of objects, the student grorps the objects by tens 

and completes statements of the form tens and 

ones. (Limit: 1 through 99. ) 

Given a number written as a standard numeral, the student 

completes statements of the form tens and ones. 

(Limit: 1 through 99. ) 

5. Radix (Base) Numeration Systems 

Alter the beginning student has been introduced to the elementary 
id eas of number, to the addition and subtraction operations on numbers 
and to expressions, the magnitude of the numbers with which the stu- 
dent can work can be increased. This means that the decimal notation 
system, as the relevant exemplification of the radix numeration system 
must be Introduced. Radi. numeration systems are "conceptually, an 
operational ;?rocedure. By counting . . . repeatedly, we can assign to 
each set of objects ... (a) string of digits which is the . . . name of 
the numbe: of objects" fKelley, ] 970, p. 38). The following principles 
govern the prf cess of numeration used by radix or base systerr.s nf 
n'uA'; e ration. 

Descriptions and Definitions 

Grouping , (a) "Axiom on counting: Suppose that n is a count- 
ing number and that d is a counting number. . . . Then each 
set of n Members can be aplit into a collection of sets, each 
having d members, and a remainder set which has fewer than 
d members" (Kelley, 1970. p. 88). (b) " If a and b are inte- 
gers and a / 0, then there exist unique integers q md r such 
that b = aq r and 0 <. r < a. The element q is tb • quotient 
and r is the remainder" (Deskins. 1964, p, 82). 
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Positional notation , (a) "Let a and b be positive Integers, a • 1. 
Then b is expressible uniquely in the radix form with base a as 



b = a c + - . - T ac| 



where c is a positive integer and the c- are integers with 
0 < c <"a for 0 < i < n" (Deskins. 1964. p. 84), (b) "... 
the radix representation of b. relative to the base a is unique. 
This result enables us to construct a system of symbols for the 
positive integers in the following way. For the finite set of non- 
negative integers less then base a. arbitrary symbols are se- 
lected (i.e.. the digits) . . (Deskins. 1964. p. 86). 

Relevance of Materials and Sample Objectives 

These mathematic&l definitions are given in terms of radix repre- 
sentations, which describe the generalized base positional notation. CXir 
base ten Hindu-Arabic system is a specific example of this type of nota- 
tion. Using these definitions and theorems, our base ten numeration 
system can be developed and explained. Examples of objectives that 
develop the pupil's comprehension of base ten numeration and place 
value are: 

Given a standard numeral -j. 100 and objects, the st\\tlent counts 
out and arranges into sets of tens and extra ones the number of 
objects indicated by the numeral. 

Given a standard numeral, thii student completes statements 

of the form tens and ones. (Limit: 1 through 99. ) 

Given a standard numeral for a number to 999. the student 
writes numerals to 999 in columns for hundreds, tens, and 
ones according to the place value of each digit. 

6. Multiplication and Division of Cardinal Numbers 

Introducing the concepts of multiplication and division in the IM 
curriculum for the primary grades represents an expansion on the con- 
tent of the rational number system as a "mathematical structure" in 
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that it involves additional basic binary operations . Among other things 
these new operations can be contrasted and compared with the opera- 
tions of addition and subtraction that are introduced earlier. This com 
parison, pursued on a relatively informal basis, can be made in terms 
of both the processes involved and the properties of the operations. 

In developing objectives and lesson materials in this area, it is 
essential to avoid the oversimplication represented by the idea that 
multiplication is nothing more than repeated addition. Dienes and Gold- 
ing (1966) address themselves to this point: 

It is important to realize that in this operation we have gone 
beyond the idea of addition. It is true that Ihe same answer 
can be obtained to the problem by an addition of the three 
terms as by multiplication by three. Just because the 
answer is the same does not mean that the operation is the 
same. Multiplication involves a new kind of variable, 
namely the multiplier, which counts sets. The multiplier 
is a property of sets of sets. The multiplicand is a prop- 
erty of sets. So the two factors do not refer to the same 
universes. In fact, there are no factors in the case of addi- 
tion because the number of addends does not enter into the 
problem as a variable. Those teachers who teach that mul- 
tiplication is nothing but repeated addition are doing a dis- 
service to the education of their children. ... In multipli- 
cation, we are dealing with two different universes at the 
same time, whereas with addition, we are dealing with the 
same universe, namely that of sets. Every number refers 
to sets in addition, whereas in multiplication some refer to 
sets of sets and others refer to sets. This is a very grc i( 
difference and the exercise children will have had in dealing 
with sets of sets and even with sets of sets of sets will serve 
them in good stead in coming to grips with the problems of 
multiplication at this stage, (p. 34) 

D escriptions and Definitions 

Cartesian product . "The Cartesian product of the two sets P 
and Q, P x Q. is the set consisting of all the ordered pairs 
whose first component is an element of P and whose second 
component is an element of C (McFarland ^ Lewis. 1^66, 
p. ^5). 
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Multiplication , (a) "The multiplication of the whole numbers 
a and is the assignment of the whole number c to the ordered 
pair (a. b) such that N (A) x N (B) ^ (A x 3), where A and B 
are finite sets, and N (A) = a, N (B) = b and N (A x B) = c. 
That is, a X b - c" (McFarland & Lewis, 1966, p. 113). 
(b) "A model for multiplication need not depend on any knowl- 
edge of addition. . . . Now if m and n represent any whole 
numbers, the product m • n is the number of members in the 
union of m disjoint sets of n members each. The operation 
for finding that product is multiplication" (Marks, Purdy, 8.- 
Kinney, 1970, p. 126). 

Division , (a) "Division is defined as follows: if p, n. q, and r 
represent whole numbers and n ^ 0 so that p = (q x n) 4- r, r • n, 
q will be called the quotient and r the remainder when p is di- 
vided by n. The operation of determining q and r when p is 
divided by n is called division" (Marks, Purdy, & Kinney, 
1970, p. 128). (b) "Partial division property: If n and d are 
counting numbers .... then there are unique counting num- 
bers q and r such that r " d and n = (d x q) -i- r" (Kelley, 1970. 
p. 104). 

Relevance of the Material and Sample Objectives 

Obviously, beginning students are not introduced to the concept of 
the Cartesian product as a part of their introduction to multiplication. 
However, in early work with arrays (x rows with y things in pach row), 
they are being introduced to a formal which lends itself to a later intui- 
tive understanding of the Cartesian product (i.e., each x position, or 
row, contains an instance of a y ^^lion, or column). 

Il is important, when developing pupil understanding of multipli- 
cation and division to emphasize their inverse relationship. One way 
this can be done effectively is by developing paired work sentonces for 
the two operations. If. in multiplication sentences, the multiplication 
sign is read as ".^ets of. " and if a division sentence is read 'Tiow many 

sets of are in , " then the multiplication sentence answer 

the division sentence. For example, 12:3- is ' how many sets 

of 3 are in 12 ' " Tne answer is "4 sets of 3 are in I 2. " 
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The following are examples of objectives from the IM program 
that represent a basic introduction to the concepts of multiplication 
and division: 

Given a set 10, the student replicates and states "a sets of b 
are in c. " 

Given objects (20-100), the student groups by a number < 10 
and states how many sets of a are in b. 

Given an array, or a number line with equal intervals indicated, 

the student completes statements of the form: " jumps/ 

rows/ sets of in , (Limit: One-digit factors. ) 

Given the number of objects in the array and the number of sets, 
the student makes the array and completes statements of the 

form: "There are £ sets of in b. " (Limit: One-digit 

factors* ) 

Given a multiplication table for facts, both of whose factors < 5, 
the student writes the numeral which belongs in each empty cell 
and uses the table to complete multiplication sentences of the 
form a X b = i~l . 

Given a multiplication table for facts with factors of 6-9, the 
student writes the numeral which belongs in each empty cell 
and uses the table to complete multiplication sentences of the 
form a X b = H] . 

Given an array, the student writes division sentences for the 
array. (Limit: Single-diyit factors. ) 

Suminary 

The material presented in the foregoing outline and discussion of 
the mathematical content underlying the IM curriculum should be con- 
sidered as providing major criteria for selecting and editing objectives, 
test items, and lesson materials for the program, '["he presentation of 
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this content at this point is not intended to imply that the next step in 
curriculum development was to take this outline and derive each spe- 
cific instructional objective from these definitions and descriptions. 
In many ways, this latter step has already been carried out by the 
SMSG and similar groups of mat±iematicians and educators who have 
devoted many years to the specification of the content and objectives of 
primary grade mathematics. Iheir work simplified the task of the IM 
staff. However, the mathematics content outlined here provided a read 
reference for the IM staff in checking the correctness and completenes! 
of their objectives, tests, units of instruction, and lesson materials. 
In this way. it provided criteria for the staff's judgment of their work. 

THE PLAN AND STRUCTURE OF THE 
MANAGEMENT SYSTEM OF THE IM PROGRAM 

The IM program consists of a number of components, each one 
planned and developed to be a part of an instructional system designed 
to achieve the program goals. These components include the following 

1. The Structure and Sequence of Objectives and Units. 

2. The Testing Program. 

3. Lesson Materials. 

4. Prescription Development Procedures. 

5. Classroom Management Procedures. 

6. Pupil Classroom Activities. 

The Structure and Sequence of Objectives and Units 

The IM program, because it built on its two predecessor I.RDC 
math programs and because it was designed to provide for pupil transi- 
tion to the IPI program at the intermediate grade (fourth-grade) level, 
incorporated many of the PEP and IPI objectives into its overall struc- 
ture. However, all such objectives were screened, modified, and sup 
plemented in terms of how they fitted into a modern math program and 
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were compatible with the mathematics content rationale developed for 
the project. ' The result of this process is that some IM objectives are 
identical with those found in PEP or IPI, some are modifications of 
objectives from those programs, and some are new objectives developed 
for the IM program. 

The IM objectives are organized into units, as are those of both 
PEP and IPX. The relationship among units in IM is a hierarchical rela- 
tionship, an extension of the type of hierarchy found in PEP Qudntifica- 
tion. However, since the 45 units in IM cover a much wider range of 
topics than the 14 units in PEP Quantification, the hierarchy relating the 
IM units is considerably more complex than that of its predecessor. 
This 45-unit hierarchy is presented in Figure 1. As suggested earlier, 
the possibility of developing and using a hierarchy of this degree of 
complexity was one of the general curriculum development questions 
examined through the experience with the IM program. 

The IM unit hierarchy is to be interrpreted in the manner appropri- 
ate for other such structures. This means that for any given unit, the 
units that are prerequisite to it are below it in the curriculum and tied 
to it by a solid line. In program operation, the principal use of this 
hierarchy is to suggest various alternative sequences that pupils can 
follow in moving from unit to unit. This permits the selection of a path 
through the curriculum that seems particularly adapted to the needs and 
interests of each individual student. It also gives the teacher guidance 
in preparing alternative prescriptions in situations where a pupil en- 
counters major difficulties with some one unit or where all the manipu- 
lative exercises in a unit are already in use. 

Each IM \init is made up of several objectives. An objective can 
be considered the basic instructional element in the curriculum- Each 
objective describes a specific mathematical ability that 'he pupil should 
acquire. For each objective there are specific lesson materials (book- 
lets, manipulatives ) that have been designed to teach tha objective and 
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I UNIT 45 
Applications til 



UNIT 38 
Add/Sub Short Algorithm 



UNIT 37 
Add/Sub 3 Digil Numbers 



UNIT 40 
N'ult/Div MastLTv oJ Facts 



UNIT 36 
Num/Pl. Value 
Limit: 9^99 



UNIT 35 
Applications 1 1 



UNIT 39 
Multi'Div 
Open Sentences 



UNIT 33 
Add/Sub Sums to 198 



UNIT 31 
Add/Sub Short Algorithm 



UNIT 44 
Time IV 



UNIT 28 
Muit/Div. 
Fquations 



UNIT 29 
Add/Sub. 0-99 
Manipulatives 



UNIT 25 
Mult/Div. 



UNIT 43 
Money IV 



UNIT 32 




UNIT 30 


Time III 




Monev 1 1 1 



_I_ 



UNIT 25 
Add/Sub 

Recall Sums to 18 



UNIT 23 
Applications I 



UNIT 27 
Nun>/PI. Value 
100-1000 



UNIT 21 
Num/Pl. Value 
Word Names 0-99 



UNIT 19 
Add/Sub 
Open Sentences 



HZ 



UNIT 17 I 
Add/Sub 
Sums to IS] 
i 



UNIT 22 
Bt.'(;mning 
Division 
I 



UNIT 20 
Beginnmc) 
Multiplication 



UNIT 18 ' 
Time II i 
Clock Face 



UNIT 16 
Monev II 
Equivdient Conu 



UNIT 15 
Num/Pl. Value 
Counting to 100 
1 



UNIT 14 
Time t 

Days of VVet-k 



UNIT J3 
Num/Pl. Value 
Counting to 100 
1 



"t: 



UNIT 12 
Money I 
Names of Corns 



urJIT 10 
Add/Sub Number Sentence 
1 ~ 



UNIT 9 
Add/Sub Number Lme 



UNIT 8 
Add/Sub Cone with S^ts 



UNIT 7 
Compnnson oi Sets 



UNIT 6 

Pairing Numerais*w*th Sets to 10 



UNIT 5 

Piiinng Numerals with St'ts to 5 



UNIT 4 

Num!}*" Cortcepi Countmq to 10 



UNIT 3 

Nrimber Conctrts Counttnq to 6 



UNIT 2 
Seriation 



UNIT 1 
Matchrng Same 'Mo'*i ' L»*ss 



UNIT 42 
Fractions 
Add/Sub 



UNIT 41 
Fractions 
Equrvalence 



UNIT 34 
Begin nmg 
Decimals 



UNIT 2.1 
Fractions 



UNIT 1 1 
Introduction 
to Irfictions 
1 



riqure t. Hierjrchv of the 45 units in the IM curriculum. 
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which the pupil can use largely on an independent study basis. Also, 
the system includes a test (CET) for each objective that is v ^ed for 
determining when a pupil has mastered that objective and is ready to 
move on to the next one. In the IM program, the objectives within a 
unit are organized into hierarchies which indicate the prerequisite rela- 
tionships ir. -olved. An example of one such unit hierarchy is shown in 
Figure 2. 

Note that each objective within the unit is identified by a letter 
and the statement of the objective tells what the stimulus situation (the 
"given") is to be and what specific behavior represents the correct 
response. In all such hierarchies of objectives within a given unit, 
the prerequisite ordering is from the bottom up. In this unit. Objec- 
tive A is prerequisite to B, which in turn is prerequisite to C. C is a 
prerequisite to both E and G. D is also prerequisite to E, and the lat- 
ter objective is prerequisite to F. In the labeling of booklets and of 
tests for a given objective, both the unit number and the letter designa- 
tion of the objective are used. The objectives in this unit would have 
such labels as M4A, M4B, M4C, and so on (the M merely identifies it 
as a "Math" objective). 

The Testing Program 

As is true of the IPI and PEP programs, the IM program uses a 
procedure for systematic testing as a major tool for facilitating indi- 
vidualization. All teste used in the program are criterion-referenced 
tests in that they provide information concerning what the pupil has or 
has not mastered. 

Placement Testing 

Placement tests can be used at the start of the schDol year or at 
any time a new student enters the program in order to determine where 
the student should start studying within tlie hierarchy of -15 units. The 
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Given a fixed sel of 
ordered objects 1 to 10 

The student counts objects. 



Given a set of 0 • 10 
moveable objects 



The student counts objects. 



The student recites 
numerals in order (to 101 



Given a stat*'rl numeral to 10 



The student writes it. 



Given a written numetal 
with a set to 10 

The studeni reads. 



Given a siated numeral and 
printed numerals with sets to 10 

The student selects the 
stated numeral. 



Given two sets of 
numerals to 10 

The student matches. 



Figure 2. Unit hierarchy for IM Unit 4. 
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total battery of placement tests for the IM program consists of individual 
tests for each unit in the program. In the interest of efficient testing, the 
exact units on which a pupil is placement tested are determined by past 
performance in the program and by the teacher's judgment. For example, 
most students entering first grade are given a placement test package in- 
cluding tests for Units 1 through 7. This provides a sufficient basis for 
placement decisions for most students. Placement testing at higher grade 
levels is done by assembling a package of tests covering those units judged 
most appropriate for a particular class or even a particular student. 

Unit Pretestinj> 

When a student is to begin work in a given unit, he first takes the 
unit pretest. This test provides a score for each objective in the unit, 
and such scores provide information as to whether there are any objectives 
that the pupil does not need to study. On the basis of pretest results, a 
decision is made as to which objective the pupil should study first. The 
exact nature of the results from pretesting can perhaps best be seen by 
examining the form used to record a student's scores on both pretests and 
posttests for one unit. The form shown in Figure 3 is for Unit 26 in the 
IM program. 



Skill 


Points 


Pre 


% 


Post 


0/ 


Post 


0/ 
'0 


Post 


0/ 


A 


8 


















B 


5 


















C 


6 


















D 


6 


















E 


8 




1 












F 


4 




1 
1 

' 












Date 






1 
1 






i 
1 







Finur.' 3. Form for ivnonUng j pupil's pry dmi pas:f>st scores on .'jch sk.l! j g,v*fn unit. 
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As can be seen, there are six objectives or skills in this unit, and 
each one is tested by some limited number of items i^f 5, 6, etc. ). If 
a pupil shows mastery (i. e. » has all items correct) of a skill on the pre- 
test, he will not be prescribed study in that skill. 

Curriculum-Embedded Testing (CETs) 

V/hen a pupil completes his study of a given skill or objective within 
a unit, he takes a CET to determine if he has mastered this skill. For 
most skills in the IM program, the CET is a paper-and-pencil test appear- 
ing at the end of the lesson booklet. For a few skills, such a paper-and- 
pencil test is not appropriate, and the decision on mastery of the objective 
is made by the teacher on the basis of pupil performance with the manipu- 
lative 1< ;fion materials. 

Unit Posttestini: 

When a pupil has m.astered all of the objectives in a unit, he is 
ready for the unit posttest. The posttest is essentially a parallel form 
of the pretest and. as can be seen by the record form for Unit 26 (Figure 
3), yields a score for each skill. If a student does not master a given 
skill on this test, he is prescribed further work on it and given a second 
posttest. When he shows posttest mastery of all skills in a unit, he is 
ready to move on to the next unit. 

Lesson Materials 

Major components of the IM program are the various instructional 
materials provided for pupil and teacher. These can be categorized as 
follows: 

A. Lesson booklets. 

R. Boxes (containing manipulative lessons). 
Cr Laminated booklets. 
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D. Seminar materials. 

Er Maintenance materials. 

F. Math Lab materials. 

Lesson Booklets 

The IM program, on the basis of the Center's experience with 
IPI» adopted the use of lesson booklets as a proven and valuable proce- 
dure for individualized instruction. Many of the booklets used in IM 
are the published IPI booklets, stamped with the appropriate IM desig- 
nation. Some of the booklets in IM were developed especially for this 
new program. Each lesson booklet teaches the skill defined by one 
objective and is identified by the unit number and objective letter. A 
typical lesson booklet starts with one or two pages of review, follows 
with several teaching pages, has one or two summary pages that pro- 
vide practice on the skill as tested by the CET, has a page or two for 
CET I» provides additional teaching and summary pages, and then 
CET II, Suggested procedures for classroom use of such booklets are 
■^discussed in a later section of this paper. 

Boxes 

A major aspect of the IM program is its extensive use of boxes, 
each one containing a manipulative lesson of the type first used with 
PEP, Each box teaches the skilL or a part of the skill, defined by one 
objective. For most objectives where manipulatives are appropriate, 
more than one box is provided. For this reason, boxes are identified 
by the unit number, objective letter, and box number. For example. 
Objective B in Unit 13 has three boxes, designated as M13B1, Ml3Bii, 
and M12B3, Directions for using the material in a box are found on the 
inside of the top cover. The directions include a picture of how the stu- 
dent is to arrange the manipulative materials for one exercise. This 
picture is the "model, " and the pupil knows that his first step in using 
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a box is to duplicate the modeh When the teacher checks and sees that 
this has been done correctly, the student is told to proceed by forming 
a comparable arrangement of materials for each of the other exercises 
in the box. Successful completion of this task is followed by the teacher 
checking the work and iskins: a t'ew appropriate questions. 

Laminated Booklets 

In a minor revision of the IM program, now bt?ing given a rather 
intensive trial, a number of boxes have been converted to laminatcrl 
booklets. This was done in an effort to conserve on matt.'rials and on 
needed classroom storage space. Boxes which were converted were 
those containing; laminaterl pages upon which the pupil records an an- 
swer after using manipulative m rite rials to derive it. Such box<'.s typi- 
cally use manipulat ive s such as counting cubes, Dicnes blocks, num- 
ber lines, and so on that are used in several boxes, llie conversion to 
laminated booklets means that tho manipulatives are k<:pt in "contra! 
storage" in the classroom and are obtained by the student \vb»'n ho rletv-r- 
mines what his particular booklet requires. Kach lamina tiv.i booklet 
was produced by u.-ini; plastic binding to i'orm a booklet !rom r^evt-r-il 
laminated work pagvs. Such booklets have the same riesii; nation as 
boxes except that ''LP*' has been adcieci, e.g. . Mi3C3 (l.H). 

Seminar Materials 

llie IPI Program incliules the sugg'-^-^ted use of w]jole - cl.i ss "semi- 
nars," or lari^e group ins'ruction. on an average of about 'jriv riav per 
week. 71ie IM program continues this tVature ar.d provi^'u-s outHru - o: 
sug^es'ed activities and pupil practice? panes for a limited nun'htT of 
key topics. .Also, certain topics included in iPU such as money axirl 
time, arc represented in the IM pronram merely b\ units and fjbjectiv<'s 
and are to bo tauL;ht in seminars. 
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Maintenance Materials 

A structured maintenance program is another feature of IM that 
has been largely borrowed from the Oakleaf School version of IPI. The 
purpose of maintenance is to help the student maintain and to increase 
proficiency in mastery of tlie "basic facts" in the operations of addition, 
subtraction, multiplication, a.>d division. The program is organized 
into 17 units at 4 levels, representir.^ a progression in difficulty over 
thv. f mr operations. Materials provided i;->r each unit include a criterion 
test and one or two practice sheets. Suggestions for use of the program 
anticipate extensive use of other drill materials and games to be identi- 
fied by the teacher. 

Math Lab Materials 

Development work on the IM program inc-uded some exploratory 
work on matli lab activities covering certain beginning topics in the areas 
ot measurement and geometry. Tlicse activities and materials were 
de velopcd and used under a variety of plans tor teacher supervision. 
This work was carried out in the first and second grades at Oakleaf 
School. Although the math lab continues as a part of ^he IM program 
at Oakleaf, work on this aspect of the program has not reached the stage 
where it can be considered read/ for more widespread implementation. 

As su;4gested by the foregoing summary of lesson materials and 
procedures used in the IM program, there is considerable variety avail- 
able to teacher and pupil. This variety permits flexibility in giving 
pupils prescriptions that meet their learning needs and contribute to 
regular progress. The variety in lesson material is also designed to 
fstcilitale the development of study skills associated with r'.fferent types 
of lessons. 
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Prescription Development Procedures 



When a pupil working in the IM program has taken a unit pretest, 
the results provide a basis for deciding which specific objectives he 
should study, The pupil's individualized plan oi study for mastering a 
given objective is outlined in the "prescription" for that objective. The 
prescription lists the specific boxes, lesson booklet pages, games, and 
so on that the student is to use. In the current version of the IM pro- 
gram, a pupil's prescription is shown by appropriate entries on the 
"ticket" for the unit. An example of such a ticket is shown in Figure 4. 
(Marginal notes have been added to indicate what each ticket entry repre- 
sents. ) 

Among other things, the ticket tells the teacVier and pupil exactly 
what materials are available for studying each objective. For Objec- 
tive I7A, for example, there are two boxes of manipula tives (MI7AI, 
M17A2) and a booklet (M17A). For Objective B there is one laminated 
booklet and a booklet, while for Objective C there is only a booklet. 
The row of cells to the right of the symbol for each box or booklet pro- 
vides spaces for indicating what the particular .student is to study and 
for keeping a record of his progress, (Specific procedures for marking 
a ticket are described in the Teaclier's Manual (I.indvall, Note 1). 

To explain the prescription development procedure, it may be use • 
ful to consider a hypothetical student. Assume that this student did :.ot 
show mastery, on the pretest, of any of the three objective*^ A, B, or C 
of Unit 17. In this case, the teacher might first give the pupil a pre- 
scription for Objective A and must decide what materials are to be pre- 
scribed. One possibility would be to prescribe both boxes and tlie •entire 
booklet, Tnis could be the correct prescription if the stiident missed 
all, or most, of the items for this skill on tl , pretest and, in the teacher'^; 
judgment, could not master the basic idea of the objective without work- 
ing with manipulatives. If, on the other hand, the pupil liad narrowly 
missed the mastery score on the pretest, the teacher could examine the 
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(Objective A} 

(Manipulative 
Lessons) 



(Booklet) 



( Test Results) 



'Objective B) 

(Laminated 
Booklet) 



(Booklet) 



(Test Results) 



(Objective C) 

(Booklet 
only) 



(Test Results) 



A 

M-17-A-1 
IV1-17-A-2 

M-17-A 



GET 



Date 


Sc. 


% 


Date 


Sc. 


% 















B 

IV1-17-B-1 (LB) 
IV1-17-B 



GET 



Date 


Sc. 


% 


Date 


Sc. 


% 















G 



GET 



Date 


Sc. 


% 


Date 


Sc. 


% 















Fiqiire4. Prescription form for Unit 17 in the IM proqram. 
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items that he had missed and prescribe only those pages in the booklet 
that taught that specific aspect of the skill. For this latter prescription, 
the teacher could mark the exact pages to be studied on the prescription 
form found on the front of the booklet. If either of the boxes involved 
activities designed to teach the specific aspect of the skill in which the 
pupil was deficient, it too could be prescribed. Quite obviously, other 
variations in the prescription developed would be appropriate for other 
situations and other types of students. 

In the IM program, prescriptions developed for the lower level 
units generally make much greater use of nnanipulatives (boxes) than 
prescriptions for higher level units. Ilnis is a function of the fact that 
earlier units provide more boxes, which fact, in turn, is largely a result 
of the fact that skills at these levels are basically manipulative skills. 
That is, beginning arithmetic is a matter of comparing sets, counting 
objects, joining sets, removing subsets, and so on. Basically, these 
activities are most directly experienced and understood through handling 
concrete materials. 

It is the intention of the IM program that paper-and-pencil activi- 
ties be introduced rather gradually, starting at an early level in the cur- 
riculum. As a result, lesson booklets are available for use even in 
Unit 1. 'Iliis does not mean that ali pupils are to use booklets at this 
level. Some students may work solely with boxes in the first several 
units. However, the booklets are available for exploratory use by some 
pupils and as a part of a regular prescription for others. This provision 
for a gradual introduction to work in booklets is intended to facilitate 
each pupil's acquiring increased study skills ^t a pace suited to his or 
her capabilities. 

Classroom Management Procedures 

As is true with any instructional program, the key factor determin- 
ing the success of the IM program is the skill of the teacher in providing 
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overall supervision of the program and in interacting with individual 
pupils. The teacher is provided with all of the material components of 
the program--tests, lesson booklets, boxes, prescription forms, and 
so on--but how the system actually operates is dependent upon the 
teacher. Because of this crucial importance of the teacher role, the 
IM program has given major attention to this component of the system. 
This attention is reflected, in part, in the documents that have been 
used in teacher training sessions. These include the following; 

1- Individualized Mathematics Teacher's Manual (Lindvall, 
Note I). 

2. Individualized Mathematics Testing Manual (Lindvall, Note 2). 

3. "Classroom Management of the Individualized Mathematics 
Program" (Lindvall, Note 3). 

4. "Individualized Instruction: Some Suggestions for Teachers 
and Supervisors" (Lindvall, Note 5). 

These documents, taken together, comprise a set of rather detailed 
suggestions for teacher management of a class using the IM program. 
The following description of procedures is largely a summary of basic 
considerations outlined in terms of the type of pupil growth that the 
program is designed to enhance. (Also, in describing other components 
of the program in preceding sections of this paper, some aspects of 
classroom management were necessarily included. ) 

The Basic Goal 

The teacher in the IM program is asked to approach the task of 
classroom management from the point of view that it is a matter of 
"managing an individualized instruction situation." This means that 
the teacher is not to focus attention on such matters as "How am I going 
to explain this lesson to the class*" " or "What kind of act,.vity am I going 
to conduct today?" Instead, in the individualized classroom the basic 
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question of the teacher should be "How can conditions be arranged so 
that each pupil progresses at an appropriate pace, using instructional 
materials that best facilitate progress?" Although some teacher tutor- 
ing and guidance will be essential, the basic goal of classroom manage- 
ment is to help the pupil become a confident self -directed learner capa- 
ble of planning and pursuing his or her classroom work with a high 
degree of independence. 

Promoting pupil self -management . A successful system for indi- 
vidualized instruction almost necessarily requires that each pupil assume 
some responsibility for the management of his or her own instruction. 
Also, of course, the ability to assume this responsibility should be an 
important outcome of this type of instruction. One element in the IM 
program that has been developed to enhance pupil self-management is 
the pupil prescription. ITiis specifies what the pupil is to study. Conse- 
quentlv. an important aspect of teaching procedure is to see that every 
pupil has an individual prescription at the start of each class poriorl. 
It may also require that some prescriptions are developed during the 
period, as a student completes work on a given lesson. However, every 
effort should be made to do most prescription writing out of class so that 
class time can be devoted to other activities. Of course, if prescriptions 
are to be of value, pupils must be able to use them correctly. They must 
know what the entries on the ticket mean and where to find the indicated 
materials. This represents one step toward pupil self-management. 
At higher grade levels, pupils could go farther and could play a part in 
developing their own prescriptions. However, in thf primary grades, 
being able to follow a prescription, to find one's own lesson mate-rials, 
and to progress according to a planned program represent a j?ignificant 
degree of responsibility for one's own activity. This ii^ emphasixeil in 
the manaiiement of IM classes. 

Developing pupil study skills . If the teacher is to be a facilitator 
of individualized progress on the part of each pupil, he or she must bo 
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concerned with pupil success in using lesson materials . One aspect of 
this, of course, is the development of the best possible prescription 
for the student. Another aspect is attention to the pupil's ability to use 
lesson materials properly. The proper management of the IM program 
requires ihat the teacher carefully attend to helping pupils to "learn 
how to learn" from boxes and from lesson booklets. These materials 
were designed ro be used in a particular way and can be expected to 
function most effectively if used properly. Acquiring such learning 
skills is essential to pupil progress and also represents a major goal 
of the program. Of course, of equal importance to the student's know- 
ing how to study is the desire to apply oneself to study activity. Here, 
again, teacher classroom management is crucial. The teacher must 
see to it that studying is a rewarding experience. One important step 
here is developing prescriptions adapted to each pupil's present needs 
and capabilities so that success can be achieved. This assumes that 
success, that is. learning as demonstrated by passing tests, has been 
made a rewarding experience through regular use of teacher praise or 
other types of positive attention. Obviously, an even more direct prac- 
tice for increasing pupil attention to their work on lessons is extensive 
use of teacher praise for this type of behavior. 

Enhancinir pupil self ■ concept. The management of all aspects of 
the testing prot^ram is another key component of the IM system. If 
pupils are to be successful in pursuing independent learning, they must 
learn to make valid assessments of their progress. Each pupil should 
acquire the habit of making regular use of the question "Do I really 
know this'^" and then looking for the correct basis for answering it. 
To provide maximum help in this task, the IM system uses all of the 
various tests described previously. If these are to be used properly, 
both pupil and teacher should think of these tests as sources of informa - 
lion. They are not screening devices for determining who is to pass 
and who is to fail, nor are they instruments for grading. Because they 
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provide direct information concerning degree of mastery of specific 
skills, they provide easily interpr etable data for guiding instructional 
decision making. If these tests are to serve their purpose, they must 
be used "with respect, " Pupil and teacher must recognise that they 
can be useful only if they are administered in a valid manner, are 
scored correctly, and if results are properly interpreted. 

In the IM program the unit posttest is considered a major tool in 
the management of the system. It provides measures of the extent to 
which the pupil has really mastered and has retained the skills taught 
in the unit. Classroom management should include procedures designed 
to make such posttests major milestones in the pupil's assessment of 
his or her progress. If success on the posttest can become an impor- 
tant goal for the student, then study activities, CETs. and the pretest 
can be viewed as tools for insuring success on the posttest. This means, 
for example, that a pupil should engage in careful review before taking 
n posttest. This review should be a standard procedure, and it should 
be emphasized that it is done so that the pupil can determine if he or 
she is really ready to take the posttest. One specific type of review 
could entail the pupil reexamining the pretest and becoming convinced 
that he or she can work the various types of exercises involved. A 
stress on unit posttest achievement should also lead to pupil concern 
for perforiTiance on each CET. Does the pupil pass the CETwith a real 
confidence in personal mastery of the skill involved'^ An aid in achiev- 
ing this is a careful use of the booklet pages immediately prectiding the 
CET (the summary pages) as a pupil self-test for determining readiness 
for the CET. As all of this indicates, a major purpose ot classroom 
management is to increase the pupils' abilities and desires to judge 
their own achievement and progress and to use this judgment in planning 
study activities. 
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Pupil Classroom Activities 

In designing an instructional system, particularly an individual- 
ized system, it is essential that major attention be focused on pupil 
classroom activities, on those type? of things that a student must do if 
program goals are to be achieved. Other system components, such as 
the teacher's classroom management procedures, the lesson materials, 
and so on, will all help to determine what a pupil does. However, 
whether or not the pupil carries on the proper kinds of activities is 
such a key criterion for determining successful program operation that 
it is essential that these activities be specified and that they be a focus 
for program design and implementation. As outlined in an earlier sec- 
tion of this report, the IM program is designed to achieve certain goalj 
in terms of the abilities and attitudes of students. Effective achievement 
of these goals requires that pupils carry out certain activities and behave 
in certain ways in the classroom. These can best be outlined in terms 
of behaviors pupils should exhibit as they interact with other system 
components. The following outline indicates some of the basic class- 
room behaviors that should be of concern: 

A. Using prescription forms 

1. The pupil will use the prescription to identify what he or 
she is to study. 

2. The pupil will secure the proper lesson materials. 

B. Using lesson materials 

1. The pupil will give appropriate attention to his vvork. 

2. The pupil will study quite independently and seek help 
only when it is needed. 

3. In working with boxes, the pupil will follow the recom- 
mended steps: 

(a) remove all materials from box 

(b) duplicate model; obtain teacher approval 
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(c) apply same procedure to other exercises 

(d) have teacher check completed work. 

4. In working with booklets, the pupil will employ the 
recommended procedures: 

(a) will study directions and examples 

(b) will apply procedure to other exercises 

(c) will use summary pages as a self-test for determin- 
ing readiness for CET. 

C. Using tests 

1. The pupil will make valid decisions as to when he or she 
is ready for a CET. 

2. The pupil will take all tests with care and in a valid man- 
ne r. 

3. The pupil will review before taking a posttest. 

4. The pupil will reexamine a completed test to check the 
answers before having it scored. 

As these items suggest, successful operation of the IM program 
depends upon the pupil using specific procedures in managing his or her 
own activities, in using lesson materials, and in taking tests. Basically, 
these are procedures that facilitate effective independent study and. as 
such, are essential components of the total IM system. Abilities of this 
type also represent desir-d Dupil outcomes and are to be emphasized by 
the teacher in daily su •- . .. ,r pupil learning activities. 

Summary 

The IM program, as an instructional system, involves six major 
components: (a) the structure and sequence of objectives and units, 
(b) the testing program, (c) lesson materials, (d] prescription develop- 
ment procedures, (e) classroom management procedures, and (f) pupil 
classroom activities. The first three components involve materials 
produced by the project staff and placed in the hands ot teachers and 
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pupils for their use. The last three components involve procedures and 
activities outlined by the developers as preferred procedures for manag- 
ing classroom learning. The outcomes produced by the IM program 
depend upon the quality of the materials provided and upon the way in 
which classroom procedures and activities are carried out. Current 
implementations of IM are operating in two schools in the Pittsburgh 
area where project staff members have played a role in teacher work- 
shops, in providing consultative help to teachers, and in other activities 
designed to assist in the effective implementation of procedures and 
activities. The evaluation efforts and results, described in the next 
section of this report, are for these schools. However, as is discussed 
in the final section of the report, any specific implementation of a pro- 
gram such as IM is a type of further development of the program, a 
development which adjusts the program to the environment and to the 
needs of the local school situation. TTiis local implementation and de- 
velopment will determine the types of outcomes achieved through the 
use of IM. The nature of some possible outcomes is described in the 
final pages of the evaluation section. 

THE ROLE OF EVALUATION IN THE 
DEVELOPMENT OF THE IM PROGRAM 

Up to this point, most of the evaluation activity associated with 
the IM program has been formative evaluation, that is, evaluation car- 
ried out for the purpose of improving the development effort. Hiis pro- 
gram of formative evaluation employed the general rationale used in 
the development of IFI Math (Lindvall ^- Cox, 1970). Following this 
rationale meant that the development process emphasized four major 
steps: (a) specifying the goals to be achieved, (b) outlining a detailed 
plan for achieving these goals, (c) putting the plan in operation, and 
(d) assessing the extent to which the program, when cor ectly imple- 
mented, achieves its goals. Each oi these stept^ was accompanied by 
its own type of formative evaluation. 
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Evaluating the Worth of Program Goals 



The evaluation of the goals themselves was largely a matter of 
defending their worth in terms of (a) their being an outgrowth of the 
LRDC's long-range plans for the improvement of education, and (b) their 
being in Une with what mathematics educators and child development 
specialists deem to be important outcomes of instruction in the primary 
grades. This type of rationale has been presented in some detail in 
earlier sections of this paper and in the initial planning document "The 
LRDC Mathematics Project" (Hosticka et al. , Note 4). 

Evaluating the Program Plan 

The evaluation of the plan, as a general guide for the proposed 
development work, had to be in terms of its potential for achieving the 
goals* As explained earlier in this report, much of the basic plan of 
the IM program involved taking the best components of PEP and IPI and 
incorporating .them into the new program. As a result, an important 
source of evaluation "data" concerning the potential value of the IM plan 
was the record of the past success of these components as they were 
used in PEP, and IPI, Another source of information here was feedback 
from teachers concerning their judgments as to the probable effective- 
ness of various parts of the plan. To obtain this, regular sessions were 
held with teachers who were experienced in the use of the predecessor 
programs. In these sessions, these teachers were asked to examine 
proposed new objectives and units of study, plans for new lesson materi- 
als, and possible new classroom procedures. Feedback from these ses- 
sions had a major Impact on the plan of the IM program. 

Evaluating the Program in Operation 

Of course, the most extensive nnd most important type of forma- 
tive evaluation used in conjL^nctlon with the development of IM was that 
carried out as the various parts oL the program were put into operation 
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in the classroom. 'vVTien a new program is put into operation in its initial 
tryout in an actual school situation, the concerns of the evaluator can be 
outlined in terms of certain basic questions: 

1 . Is the program operating in the manner describt-cl in the pro - 
gram plan ? Before information can be gathered as to the effectiveness 
of the program and its underlying rationale, the necessary time must be 
taken to insure that the operating program is a true exemplification of 
the planned program. This means ti:at a major task of the formative 
evaluator at this point is to gather all t].e types of information necessary 
either to certify that the program is operating in accordance with *ho 
plan or to alert th-e developers and implementers to those specific aspects 
of the operation that do not meet this criterion. 

2. If the program is not operating in accord with the plan, what 
steps should be taken to solve this problem ? At first glance, it would 
appear that the obvious answer to this question is to change the operation 
to fit the plan. On occasion, the answer is that simple. More frequently, 
the evaluator faces the need for obtaining additional information in order 
to determine exactly what needs to be changed. In a program involving 
many interdependent components, a difficulty with one component may 

be the result of malfunctioning in one or more other components. In 
some cases, a quite different response to the above question may be 
necessary. It may be that the particular aspect of program operation 
cannot be, or should not be, made to conform to the plan. That is, 
information obtained during this initial operation of the program may 
force the decision that the plan Itself can be made more useful through 
certain modifications. 

3. Is the program operating according to the planned procedure 
but not achieving the program goals '' A basic purpose ot program try- 
out is to obtain information that can result in program i^nprovement. 
To serve this purpose, data must be gathered to detornnne whether 
the operating program achieves its goals. If it offer.>=^ n^ promise for 

49 



54 



achieving the desired results, it must be modified. Note that this 
involves a modification in the plan of the program as well as in its 
operation. It is to be emphasized that such a modification should not 
be undertaken until the developer is satisfied that the originally planned 
program has been shown to be inadequate. 

These three questions were the basic concerns in the evaluation 
of the initial implementation of the INI program. The developers and 
evaluators were concerned with such questions as: "Are the lesson 
materials teaching as planned'"' "Are all tests functioning properly?" 
"Are classroom management procedures being Implemented as planned?" 
These and many similar questions provided the focus for the evaluation 
of the program operation . All of the procedures used in this phase of 
evaluation cannot be described in this report, but some description of 
what was involved can be outlined in terms of sources of information 
used. 

Information Sources 

Classroom observation (participant observation) . An essential 
first focus of evaluation of the operation was in attending to the specific 
problems encountered by pupils and teachers as they used the new les- 
sons» tests» record forms» and other similar materials. To accom- 
plish this, provision was made for having a member of the development 
staff in the schools and classrooms on an essentially daily basis, '^■his 
person (and frequently more than one person) observed classroom i;p' " \- 
tion. worked with pupils on lessons, discussed problems with teachere^ 
and *'ndeavored to be responsive to any type of feedback that indicriited 
a need for program modification. This provision for having a developer / 
evaluator present in classrooms continued for approximately two yea,r... 
Information obtained through this procedure was personally transmiltec 
to other members of tlie development staff who used it as a basis for 
program modification. 



SO 



Use of test results. An obvious and important type of data used 
in formative evaluation was pupil performance on CETs for each of the 
many lessons. Lessons for which any significant number of pupils could 
not pass a first CETwere subjected to further analysis (including dis- 
cussions with teachers and pupils) in an effort to identify and remedy 
any problems. A similar use was made of results from unit posttests. 

it may be worth noting that a program such as IM (as well as IPX 
and PEP)» which uses CETs and unit posttests that are criterion- 
referenced to specified objectives and that are also "referenced" to 
S'pecifii lesson materials, have a type of built-in formative evaluation. 
Since these tests are given regularly as a part of program operation, 
date concerning typical pupil performance on each lesson are rather auto- 
matically collected. Such information almost forces itself on the atten- 
tion of the teacher or other responsible persons and, if it is disappoint- 
ing, leads to an investigation of causes. Although most systems of 
instruction make some use of pupil tests, the use of results for system- 
atic formative evaluation is far from typical. In the IM system, the 
fact that gathering such test data is a regular part of program operation 
and the ease with which results can be associated with specific program 
components should enhance the chances that systematic formative evalua- 
tion will be employed. 

The formative evaluation of the LM program also made use of other 
types of test results. Since an IM placement test, which provides a 
measure of pupil mastery for each unit in the curriculum, was available, 
it was employed to obtain a measure of pupil retention of skills that they 
had mastered. Feedback from such testing resulted in suggestions for 
program modification, such as changes in criteria for certifying initial 
mastery of a unit whether this was done on the basis of unit pretest or 
unit posttest results. 

Feedback from teachers. Another important source of evaluative 
feedback concerning the operating program was meetings with teachers, 
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whether the feedback was an incidental output from a regular meeting or 
an intended outcome of a special meeting called for the express purpose 
of discussing the IM program, 

^'Unobtrusive m^afiures. " Having a member of the development 
staff working in classrooins on a daily basis also permitted the gather- 
ing of a variety of types of data, some of it of the 'unobtrusive measure*' 
type (see Webb» Campbell, Schwartz, Sechrest, 1966). For example, 
at times it became evident that certain boxes were not becoming soiled 
or worn to the same extent as the typical box. This evidence of lack of 
use became the signal for an investigation of why this was true. A simi- 
lar signal was obtained when it was noted that the supply of lesson book- 
lets for a particular objective was not being depleted at the expected 
rate. Further information of the same general type was obtained when 
unit posttests for a particular unit were not being used up. All such 
indications of a lack of use of particular materials had to be followed 
up to determine the reasons for the situation. In some cases, materials 
were inadequate, a test might seem invalid, or a unit might appear out 
of place in terms of the prerequisites it demanded. Formative evalua- 
tion of this type was a sequential process. When evidence of inadequate 
operation in some part of the program was obtained, a list of possible 
explanations for this breakdown was formulated. Next, each of these 
explanations was investigated to determine its plausibility. In most 
instances, this investigation involved changing some given condition 
(revising a box activity or a booklet page, changing prescribing pro- 
cedures, modifying a test, changing a classroom procedure) and noting 
whether this corrected the problem. 

Pupil records , A major source of formative evaluation data was 
the record of pupil progress. Such records were scanned regularly to 
note sAich things as the amount of time pup .U ^-ere spending on given 
objectives and given units, whether certain units or objectives were 
being skipped, and the amount of retesting required in units. 




Assessing the Achievement of Program C-oals 

The extent to which the IM program has achieved its development 
goals at its present stage of development can be examined most meaning- 
fully in relationship to the four process goals which were described on 
pages 4-5 above. In essence, these goals describe the important charac- 
teristics of the program that were to be developed. An important aspect 
of evaluation at this point in development is to ask the question "Does 
the program exemplify these characteristics?" More ultimate questions 
concerninLj the effects of this type of program on students can only be 
partially answered at this point. Final answers can only be obtained 
when the development work associated with a complete implementation 
of the program in classrooms has been accomplished. 

Process Goal I 

Tl^e curriculurr. will be based on mathematics content w*hich empha - 
si?-e5 an understanding of mathematical systems as well as competency 
in perfornunp. operations . The description of the mathematical content 
of the IM program provided in an earlier section of this report indicates 
some of the steps followed in working tov^'ard this goal. That section 
describes the "mathematical systems" crientation and the specific con- 
tent, in the forrp of definitions and principles, derived from this orien- 
tation. It also gives examples of specific IM objectives related to each 
such definition or principle. The concern for competency in p^^rforming 
arithmetic operations is reflected in specific units and lessons that 
Leach the.*<e operations and also in the Maintenance prog ran-, which gives 
the student eKtra drill and practice on i^uch ski 11, An evaluation of the 
extent to which tlic characteristics described in process r^o.tl ! havn 
been built into the IM system can best be made by fxzimininu the content 
of :he program and by analyzing the rationale for that co itent as pre- 
sented in earlier sections of this paper. 
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Process Goal 2 

The specific objectives of the curriculum will be organized into 
hierarchies within units, and units will be organized in a structure of 
hierarchical relationships in such a way as to permit identification of 
prerequisite relationships and alternative instructional paths. The fact 
that the units and the objectives in IM were organized in these types of 
hierarchies is attested to, at a basic level, by the presence of the hier- 
archy among units as shown in Figure 1 of this report and by the 45 dif- 
ferent unit hierarchies found in the IM Teacher's Manual (I^indvall, 
Note 1). The extent to which such hierarchies identify "prerequisite 
relationships" has not been totally validated up to this time. Some 
studies, using empirical data to investigate such prerequisite orderings, 
have been carried out and have resulted in certain changes in hierarchies 
(DiCostanzo. 1^74), However, additional studies, some currently under- 
way, have yet to be. carried out. The fact that these hierarchies "permit 
identification of . . . alternativt- instructional paths" has been verified 
by informal observation of the fact that many teachers do indeed use the 
hierarchies for this purpose. 

Process Goal 3 

The program will provide for some variety in instructional materi- 
als, including paper-and-pencil and manipulative activities , and p rovide 
for the progressive development of independent study skills ; ■ The first 
part of this goal has been achieved. As the description found in an ear- 
lier section of this report has indicated, lesson materials developed and 
found usable for the IM program include booklets, boxet; of nianipulatives, 
games, laminated booklets, maintenance drill n;aterials, nnd outlinet> 
and practice pages for use in group instrucfion, Ouit<-^ obviously, a^: 
furl!ier efforts are made to meet the learning needs of individual .studt.*nts, 
additonal types of lessons may be added and tho«o curronlly being used 
should be improved. This is a major goal of wurk being planned for the 




next two years. However, the variety in materials now availabL: in the 
IM program represents a definite forward step from previous LRDC 
efforts. 'Vhe "progressive development of independent study skills" has 
been built in as a definite part of the IM curriculum. Procedures for 
achieving this have been outlined in supporting documents on classroom 
manageinent fsee Note 3 and Note 5). 

Process Cioal 4 

The pro^rarn will bo an instructional syste:r; made up of specified 
components involving materials and specific procedures for pupil and 
teacher use of these materials . As explained in other sections of this 
report, a major purpose in developing I.M was to "systematize" many 
components and procedures initiated by PEP and IPI. Experience with 
these earlier programs indicated that it was not sufficient to suggest 
merely that teacriers do certain things {e.g.. "use manipulatives, " 
"prescribe alternative patiis through the curriculum. " "teach study 
skills. " etc. ). It was the responsibility of the program developer to 
build things into the system tliat made these steps possible. This meant 
that the- total system had to include more preplanned components. This 
goal was achieved in the- I\! program by giving attention to such com- 
por*ents as (a) manipulative lessons with models for pupil duplication 
and suggested questions for use by the teacher, (b) instructional hier- 
a^-chies as guides to prescribing, (c) a teacher's manual with detailed 
suggestions for use of all materials, fd ) a guide for use in classroc-m 
management, and (e) outlines of seminars on specific key topics. 

Some Descriptive Kvaluatior. Data 

The development and tryout of a nv.v: instri:ctioniil program, par- 
licularly in a basic skills content area such as mathem*.. ics, carries 
with it a responsibility for providing evaluation data tha serve to 
iescribe }iow students who use the new prog ran; 'Jo on so •'•it' generally 
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known tests of achievement. This can be meaningful information to 
persons considering using the program. For example, a potential 
adopter may wish to have an answer to the question, ''Can pupils show 
r. respectable level of achievement on a standardized test if I adopt the 
IM program? " Perhaps of more importance, such test information can 
be used by the developer in identifying specific skills and abilities not 
being learned by pupils who use the program. This, in turn, should 
lead to a search for answers to such questions as: "Are these skills not 
taught by the program^" "If they are not taught, should the program 
be modified to teach them':''" "If they are covered by the program but 
not being learned, what changes need to be made?" "Are these skills 
taught at a relatively late point in the new program and, therefore, not 
reached by pupils at this grade level^" 

With the IM program, standardised test data have been used for 
such purposes a those described in the foregoing. For this reason, 
the scores can best be referred to as providing "descriptive evaluation 
data, " as contrasted with "criterion evaluation data. " A further quali- 
fication that must be noted by anyone examining these standardized test 
results is the fact that these data were obtained from schools that were 
also using other innovative programs. For example, as the IM program 
was being implemented and studied over a three-year period, changes 
were also being made in other aspects of the curricula of the two schools 
involved. These other changes, such as those in reading instruction, 
in the perceptual skills program, and in the science curriculum, could 
well have had an influence on math achievement. 

Standardized test results that have been examined during the de- 
velopment of IM include results from two differcMt tests usl-H at School 
A, a small suburban school, and one test used at .school P, a large 
inner-city elementary school. 



6i 



School A Data 

Scores from the Stanford Achievement Tests for School A primary 
grade pupils are presented in Table I. 

Table 1 

Mean Scores for Arithmetic Subtests on SAT for 
School A Pupils. Grades 1-3. 1968-1973 



Schoo! Year 



Grade 
Level 


Subtest 


(PrelM> 
68-69 69 70 


70-71 


(IM) 
71-72 


72 73 


Grade ] 


Arithmetic 


2.2 


2.4 


2.4 


2.5 


2.5 


Gruiie 2 


Arithmetic Computytion 


2.8 


2 7 


2.9 


3,0 


2.9 




Arithmetic Concepts 


3.2 


3.0 


3.4 


3.7 


3.2 


Gr^Klt? 3 


Arithmetic Compuljtion 


3.4 


3.7 


4.1 


3.8 


39 




Arithmetic Concepts 


4.3 


4 6 


4.7 


4.8 


4 7 



The first two years for which data are reported are years in 
which IPI or a combination of PEP and IPX were used in these class- 
rooms, rM was used in the years 70-71, 71-72, 72-73, although the 
first of these three years involved the implementation of a relatively 
incomplete version of IM, For the first grade, the data indicate that 
students were achieving above grade level prior to the introduction of 
IM and maintained this level after it was implemented. In the second 
grade, arithmetic computation skills remained at tjrade level with the 
new program while arithmetic concepts scores showed some increase. 
At the third-yrade level, there was some improvement in computation 
scores for the IM years and a minor rise in conceplH scores, which 
had been at a hii^h level under the pre-IM program. 

The scores on the Wide J^an^e Achievement Jest (V. RAT) for 
School A pupils in kindergarten through third grade are summarized 
in Table 2, 
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Table 2 

Mean Scores for the Arithmetic Subtest on the WRAT 
for School A Pupils. Grades K 3. 1969 1973 



Grade 
Level 




School Year 






(PrelM) 
69-70 


70 71 


(IM) 
71-72 


72 73 


Kindergarten 




1.9 


1.6 


1.4 


Grade 1 


2.5 


2.5 


2.6 


2.5 


Grade 2 


2.9 


3.2 


3.4 


3.2 


Grade 3 


3.9 


4.2 


4,1 


4.1 



Perhaps the most noticeable thing about the WRAT scores is the 
relatively high level of performance in kindergarten and first grade and 
a slightly lower relative performance for second and third grades, 
although pupils at the latter two grades are also scoring above grade 
level. The extent to which pupils show a particular grade-level per- 
formance on any standardized test is partly a function of the extent to 
which the abilities sampled by the test items are abilities covered at 
that grade level by these students. In an effort to examine possible 
causes of the relatively lower WRAT scores for pupils in grades 2 and 
3 as compared with scores for pupils in grades K and 1, an analysis 
was made as to how far along in the IM curriculum a pupil would have 
to be to cover the content required to achieve given grade equivalents 
on the WRAT. Assuming that the average pupil worked through the IM 
units in the order in which they are numbered, the cumulative number 
of units that would have to be completed to achieve at each grade level 
can be summarized as follows: 

Kindergarten 10 units 

Grade 1 I 2 units 

Grade 2 28 units 

Grade 3 34 units 
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It can be assumed that the large number of additional units that had to 
be mastered to move from a grade equivalent near the beginning of 
second grade to that of completion of the second grade \^-as a factor that 
produced the relatively smaller progression of second-grade pupils. 
That is. the WRAT data for School A could be interpreted as resulting 
from the fact that the average first grader enters that grade having 
mastered enough IM units to give him or her a grade equivalent of about 
1.5 (approximately II units). Covering an additional 9 units in grade I 
(approximately 20 units in total) results in mastery of enough content 
to lead to a grade equivalent of about 2. 5. However, mastering another 
9 units in grade 2 (for a total of 29 units) would result only in a grade 
equivalent of about 3. I. In other words, covering the content required 
to go from 2. 0 to 3.0 on the WRAT involves mastering a relatively 
large number of units (16) in the IM curriculum. 

School B Data 

The only standardized test scores used with the School D program 
were those provided by the WRAT. TFiese arc summarized in Table 3. 



TahiL' 3 

Mean Scores for ih*? Afithmetic Subtest on iho WRAT 
for School B Pupils. Grades K-3, 1969-1973 



Grddt? 




School Year 






Level 


69 70 


70-71 


(IM) 
71-72 


72 73 


KrrnlkJrgaFten 


1,4 


1 3 


1 3 


K G 


Gradf' 1 


2.1 


2 -3 


2 4 


2 5 


GrdCij^ 2 


2.3 


2 "i 


29 


2 B 


Gfudr 3 


3.1 


3 2 


3 (.1 


i G 
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IFere it can be seen that the kindergarten and first-grade scores 
are quite good, with the exception of the mean score of K. 6 for the 
kindergarten in 72-73. This lower score is assumed to be associated 
with difficulties related to the implementation of certain non-math activi- 
ties which resulted in some disruption of instructional schedules in these 
classrooms. The relatively smaller increase in performance from the 
end of first grade to the end of second grade (i. e. , from 2. 5 to 2. 8 in 
72-73) appears to be related to the larger number of units that must be 
mastered to cover the necessary content. 

Discussion 

The limited amount of data, gathered under previously qualified 
conditions, concerning the performance of IM pupils on standardized 
achievement teb'ts may be summarized in terms of the following impli- 
cations: 

1. Pupils using the IM program can show relatively high achieve- 
ment on standarized tests {note the data for grades K-3 at School A and 
for grades K and 1 at School B). The extent to which this result is 
attained is probably a function of exactly how the program is iniple- 



2, The achievement of IM pupils on standardized tests is also a 
function of the match between the content of the test and the content of 
the IM units mastered. As indicated in the comparison of WRAT item 
content and IM units, second-grade pupils working in IM must master 
a relatively large number of units to move from a grade t^vo to a grade 
three grade equivalent. Teachers using IM and concerned with scores 
on the WRAT as an important criterion measure could emphasize alter- 
nate p .rhs through the hierarchy of units, paths that would insure that 
most of their second-grade pupils would master units covering skills 
measured by the test. "iTiis would mean that certain units, deemed 
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important by the IM development staff but not measured by the WRAT, 
might not be studied until third or fourth grade. 

3. A curriculum which has the built-in flexibility of the IM pro- 
gram can be implemented by a local school staff in a manner designed 
to achieve the goals they consider most important. For example, the 
procedure suggested above for adapting sequences of units studied to 
enhance achievement on the WRAT could also be used with other tests 
as the criteria^ On the other hand, a school might choose to ignore 
standardized test scores as criteria and use the program more as a 
v^ehicle for building pupil self-concept through experiences of meaning- 
ful pro*j;ress and opportunities for independent planning, successful 
learning experiences on a daily basis, and objective self -evaluation. 

TI-IE PROCESS OF DEVELOPMENT AND IMPLEMENTATION: 
SOME CONCLUSIONS FROM WORK ON THE IM PROJECT 

Work on the development and implementation of the Individualized 
Mathematics program involved the intensive efforts of a small project 
staff over a three-year period. Members of the staff, all of whom came 
to this work with a background of some involvement with earlier LRDC 
programs, had a relatively unique experience in terms of their personal 
participation in the broad range of tasks in design, development, imple- 
mentation, and evaluation of the program. The scope of their work 
ranged froin the specification of instructional objectives and the design 
of lessons and tests to extended experience in working with pupils and 
teachers both on instructional problems and on very practical problems 
of materials supply, storage, and replenishment. In view of the rela- 
tive uniqueness of this experience, it would seem useful to attt^mpt to 
summarize some of the insights concerning development, implementation, 
and evaluation, a? these activities are carried out in ongoing school pro- 
grams, that have been gained from this work. 
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Various procedures can be followed in developing and implement- 
ing a new instructional program. A common practice is for the developer 
to produce new materials, giving each item intensive tryouts with indi- 
vidual pupils, and then implement the program in one classroom in 
order to carry out any modifications that are sug-^ested by this type of 
in-context trial. Follov.-ing this latter trial, the revised program is 
turned over to persons interested in implementing it in ongoing school 
operations. The procedure used with the IM project can bo considered 
as an extension of this common practice. This extension involved the 
participation of the development staff in the implementation of the pro- 
gram in 20 classrooms in 2 dUferent schools, with the work extending 
over a 3-year period. The use of this approach was largely a recogni- 
tion of the fact that implementing a program in a total school situation 
involves additional types of "development" that cannot be undertaken 
under the conditions of a more limited trial. Some of this development 
may involve modifications in instructional materials, the ncKci for which 
only becomes evident when the program is used by a larger sample of 
teachers and students. However, much of the develo >ment has to do 
with problems of general management within a total school operation, 
problems of supply of materials, of teacher training, of classroom 
supervision, and of the integration of the new program with all other 
activities of the school day. 

These were some of the kinds of problems encountered by mem- 
bers of the IM staff as they worked in the schools on a daily basis. 
They found that putting a program in general operation involved mViCh 
more than providing teachers with m.atcrial^? and a set of guidelines or 
manuals for their use. What was required wa^ additional v.-ork on pro- 
gram development. 
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The Tryout and Modification of Materials 
as an Aspect of In-5chool Development 



Most of the lesson materials and tests and related record -keeping 
forms that were used in the implementation of the IM program had been 
given previous trials with pupils. Many of the materials were minor 
modifications of things used in earlier programs and had been given 
extended trial in actual classroom use. Those materials th.at were new 
and unique to IM were ijiven a preliminary trial with individual students 
or small groups. However, it was recognized by the stafi that informa- 
tion obtained in the initial large-scale implementation of all program 
components should be used as a basis for further improvement of materi- 
als and procedures. To accomplish this, a number of feedback mecha- 
nisms were used. These included in-clasri observations of students and 
teachers and records of pupil performance on lessons and tests. Results* 
from this cype of feedback have been described in the Evaluation section 
of this report. Our purpose here is to discuss some of the things learned 
about the processes of development and evaluation as a result of this 
experience. 

Positive Outcomes 

On the basis of the experience with IM» it would appear that a num- 
ber of positive outcomes can be realized when developers are involved 
in the extended implementation of a new program. Tliese include the 
following: 

1. Developers liavc the opportunity to observe their program in 

a rather complete example of the total context in which it must ultimately 
function. It is being implemented by a variety of teacher^ with quite a 
broad sample of types of students. 

2. Formal and informal feedback from teachc-rs arises from each 
of tliese varied classroom contexts and is influenced by the differences 
in perceptions that eacli teacher brinLjs to the task. 
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3. Teachers, because of the nature of their experiences and their 
specific priorities in the operation of an instructional program, attend 
to many aspects of the innovation that are probably not considered by 
the develope rs. 

4. In the IM experience, teachers are very cooperative in provid- 
ing feedback and offering suggestions, flaving a relatively large number 
of persons quite intimately acquainted with details of tests and lesson 
materials provides a rich source for creative suggestions. 

Some Problems 

The experience that the IM staff had in extending their develop- 
ment activities into the initial implementation oi tlie program served to 

m^est that tliis procedure also may result in certain problems. Tliese 
include: 

1. Tl;e presence of a program developer in the school and the 
classrooms, on a relatively regular basis, may reduce the extent to 
whicli the implementation can be considerecJ typical of the eventual 
general implementation. For this reason, most LRDC proi^rams are 
now given further trial anr! evaluation in ''field site' schools where 
such intervention bv rlevelopers i:> not a part of the operation. 

w. With a flevcloper on the ce-ne, teachers may be inclined to 
bring to her or his attention probh^ms which could more appropriately 
be solved by the feaclier as an aspect of reiiiilnr classroom operation. 
This is typically a result of the teacher's concern for doing a conscien- 
tious; job in serving as a program evaluator. 

3. The developer must learn to be not overly responsive to every 
teacher suggestion for change. Modifying materials or some other 
aspect of program operation in accordance with the suggfstions of one 
teacher may serve to create new problems fur other teachers. For 
ihis reason, suggestions made by one teacher must ha checked with 



other teachers before a change is implemented. If the change involves 
modification of lesson materials or other materials with which the pupil 
works, such changes should be tried with a sample of pupils before be- 
inp; incorporated ini.o the total system. 

4. Tl^e regular presence of a developer in the school may re. mil* 
in him bfing called upon to perform many services which shouid really 
be a part of the continuing responsibility of rej^ular school staff. 

5. Some of the steps that sht*. "* \:. explored as a means to more 
effective operation of a new pro^ ;arp. pi-»bai4y rannot br. implemented 

by a developer. Some such steps may mcc . ^^j^itate cctordinating activities 
used in teaching one subject with those involved in t»?aching other subjects. 
Others may require addrtional te'ichf r tinie, time v/hich can' only be 
secured through action cf a oiiiMing principal or other responsible per- 
son. AH of this seems to st»\;.;. ri the net a furtJier Vype of pro- 
gram "development' which can only be carr. out by pers<" :s hovin^;^ a 
broader responsibility for ihe to al i.c'f^ ' igra;^^ ^han fhat which rests 
in the hands of the developers of •* 'iy on Mgran,. 

S ystem Implem^, ntaticn Ivlodification 
as Aspects of In-School ! ^ ve lop' ^ent 

Tlie preceding section discu.-^sed asp'^-Ct S of basic program develop- 
ment refining lesson materials » te^t -'. ai.*! basic pro::edures for the u.\ e 
of such materials - -as these deveiopniel^t acti^'vties were facilitated by 
working within a large- scale school operation. H^i.^ section will attemot 
to identify other aspects of program development, <hot:e .-(•jp** d to over- 
all operation of the system, to teacher training and svipervision, to co- 
ordination with other school pro^ramt;» and to the involvemf,-;f of admin- 
istrators, parents, and community. 
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IM as an Instructional System 

The LRDC programs for the individuaJi/.ation of instruction in 
mathematics have used a type of "systems" approach to the development 
and the operation of thf? instructional projz'am (L'/idvall Cox, 1970). 
That >ii. they are based on the assur:ipi\on tl«at e."*"ective individualization 
requires attention to all essential compunenf^ of an instructional system. 
IPI, PEP, and IM have much in common in terms of the extent to which 
they h::ve a "built-in" systematization uf cert:;in components. All three 
programs have prespecified objectives of instruction, a system of tests 
and of tf.stint; proce^iures, specific forms and procedures for prescrip- 
tion writing, and stc-.Jzdardi/.ed jsachiri); matt;rial.s. In fPI, these materi- 
als and accompanying recort; rmE., a*V vn used by teachers wlio had 
»,'Xper ienced a certain orientation to tl:e program, are expected to result 
i.i tlie desired program operation in th 2 cla? srom, PEP. in it.s most 
effective implenu '.it at ion, used most of thif foregoing compcn twits hui 
added a more intensive program of teacher training and continuing super- 
vision in an effort to achieve more effective diagno^ir^ and proscribing 
behaviors on the part of the teacher. IM, atte.Mpting to capital 5 :.e on 
the most effective pecty of IP! ai- . PHr^, endeavored to employ ail of 
the major component* of its predecesscir s. 'Hiat is, it U6ed most of 
the same type ot "material" components of the earlier programs and 
.attempted to add to and extend the attention to diagnostic ar.d instruc- 
tional procedures initiated by PEP. In this latter endeavor, liowi-ver, 
certain modifications in procedure were necessary becau->o of the fact 
that IM, r£ither quickly, was implemented in many more classroom- 
than had b^ eii the case with PEP. An\oi:.\ oth«'r thini;.s. t-tis nu*ani tliat 
the individ'.al siipexvi so j-y assi.-itance pcovidt-d und^T PEPliad .t be 
replaced by a reliance on documents offerinx; guidelines and sugLji^stions, 
such as the Teacher's V^^nual , the Testing Manual , and ceriain shorter 
documtnth outlining specific stops : . class! .im management. Also, 
INt represented an attempt to give attention to even more coinponfnts 
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ol* the total instructional system than was the case witi; PEP and iFI. 
7lus expansion of the system concept a'ld tlie attempt to implement it 
and study it in a relatively large nir.nber of cla^vs rooms provided the 
opportunity Lo ^^ain new insi;^hts concerning this approach to program 
design and implementation. Some of these are described in llie follow- 
ing section- 

T7ie Interaction Befween the Roles of 
'lie Heveloper and Implementer 

r'erhaps the major lesson learned by the staff of the IM projec; 
from their work on the implementation of-the program in ongoing school 
ope ratio^-z.'; v*.as that concerning practical limitations on the extent to 
which d' T vt 'lope rs can impose a detailed instructional system upon a 

chool. 'fliis situation may be analyzed in terms of the fact that even 
though developers concern themselves; with the dc?sign of what would 
app«*ar to be most of tlu; relevant components of the instructional sys- 
teoi. putting the program in operation in the sciiool involves its inter- 
actj nn with a number of other "systems" already existing in the school 
and having a major influence on what takes place there. Here we are 
referring to such systems as the administrative structure of the school, 
traditional rt^ja t ion ships between pupils and toachers, and such aspects 
of the social system as teacher role, general goals of teachers and ad- 
ministrators, and traditional norms for managing instruction. Tliese 
considerations place certain limits on what the developer can accom- 
plish as an implementer and suggest certain responsibilities that a pro- 
gram implementer may have for developnu'nr . 

The developer as an implementer , iht- IM exp-.-rience seems to 
offer some support for the following perspectives on the task of the 
dt^veloper as an implementer: 

1, An instructional prograni of any dogrt-e of complexity (such 
as IM. IPl. and PKP) will probably eventually be in^pleniented in a 
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number of different ways, each representing a vafi3.tion on the ori^»inal 
specifications. 

Z. A program developer can only hop« to tlevelop and control 
some limited number of the components that will comprise the instruc- 
tional system in operating schools and classrooms. One can only hope 
to certify that actual tyrout shows that when th(?se components are usrd 
in this way and under these conditions , these rcsultb will bu produced. 
The developer cannot hope to control all conditions of implementation 
nor hope to evaluate the program under all possible variations in the 
relevant conditions, 

3, One given instructional program, depending upon how it is 
implemented, can be used to achie\^^ different types of basic goals. For 
example, if a school using IM considered average pupil achievement on 
some specific standardized test as the major criterion of success, the 
local implementer could analyze tho criterion test and thon idtMitify 
those components of tlie system that should be given major attention in 
adapting the program to this school (o.g,. specific units to be empha- 
sized, appropriate procedures tor reinforcement for test passing, an 
emphasis on reinforcement fo: rapid progress, etc, ), If another school 
had as a major goal the development of t.-ach pupil's self -confidence and 
self-initiative as a learner, other aspects of the program implementa- 
tion would be emphasized, 

•4, A developer or implementer cannot expect to achieve the 
degree of implementation deenied essential without knowledge, and 
some degree of control, of a variety of components of the system that 
aie already present within the school and con-imunity. As one simple 
example, a developer or implementer cannot expect a teacher to adopt 
a specific classroom procedure if this procedure? is "frowned upon" by 
the administrative and supervisory staff of the :fchool, 'I'he task of im- 
plementation, then, requires involvement and commitn-iont on the part 
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of all persons having an impact c»n what takes place in classrooms. 
Some of this involvenjent n^ay i 'Squire certain types of development. 

llie implement er as a developer . Hiv points outlined in the pre- 
ceding section }iave specific irrplications for the task of implementation. 
Implementation is r:v.:cii more lli^^n the imposition of a given program 
operation upon ri scliool arvl i!:^;sroomft. l! is the adaptation of the pro- 
gram and th<? modification of ih^ loe.al situation in such a manner as to 
maximi:ie the chance ^- dia! the (.>.i\ v'i operation C£in acliiev*? the desired 
local goals. In n :-oal son^e. ;hv rask of implementation is one of fur- 
tJuM* on-site development, 'Hie lollowing .ipptrar to be points that arr 
relevant to this task: 

1. Hiere undo'ibtetily ^ornr limit-, on the extent to wliich it 

i possible or desirable 'or a developer to impose all details of opera- 
tion of an instructional system on a scliDol or on an individual teacher. 

^, 'Hie irn-^leij.entation ' TjIo, whether carried out by an "imple- 
mentation staff. ' by icache; rtdmini.siraturs, or all of these per- 
sons, must involve further •leveloymient activities. Of central concern 
here will be the do vr.Jopmrnt of teacher functions, of supervisory activi- 
ties, and of a variety of pror.^dur* necessary for making the new pro- 
gram operate i;wece^!i fully in ti ^ local situation. Another major aspect 
of this development will be the specification of the goals of the local 
implementation and tht; modification of the program to focus on the 
achievement of these goals. 

3. Tlie LRDC School ImpleT:ientation staff, working in t\v; dt^velop- 
miental schools, can only demonstrate im.plem.ent ation and development 
within these spi-cific r ntext TTi staff can contribute to tlie develop- 
ment and improvenient of ;he steir^ anr: can demonstrate that programs 
do work under these certain, ronditions. '.^eir role i.s aralogous to that 
of the lesson designer givim n*-»w lessons h preliminary trial with one 
or t-wc :;'\idents at a time. 
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4. Another major contribution of the Center's School Implemen- 
tation staff could well be in the development of guidelines for carrying 
out the implementation process in any local situation. This is another 
aspect of the impleme nte r' s role as a developer. 

5. Implementation of a new program within any school situation 
probably should involve rather intensive self-study by the local staff. 
Such a study should seek to answer questions of the following type: 

(a) What goals are we attempting to achieve with this new program? 
(Studying this should involve a real effort to achieve staff consensus 
and commitment.) (b) Who are all the persons that must be involvt'd if 
this new program is to be implemented in such a way as to achieve 
these goals? (c ) In what ways must our school organization and proce- 
dures be modified if this program is to help us achieve our goals? 
(d) How must this innovative program be modified to serve our needs 

Stminia ry 

Tiie development of the Individualized \lathema(.ics program was 
carried out in an intci^ rated development-implementation effort in which 
the program was being used in approximately classrooms as it was 
being desigriedr tested, and revised. Thin integrated effort afforded an 
opportunity for the generation of certain tentativo insights into the two 
processes involved. The basic insight would seem to be that develop- 
ment and implementation are not two discrete steps that can bt^ carried 
out in a one-two order. Successful implementation requires certain 
types of adaptations of the new program to the requirements of the local 
school situation. It also requires certain adaptations of the school's 
total system of operation to the requirements ot the new program. This 
means that development is not really completed until a program is operat- 
ing successfully in each specific school context. It also implies that 
some key aspects of the development < *"fort must be the responsibility 
of the implementer. 
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APPENDIX A 



Specific Objectives for the Individualized 
Mathematics (IM) Program as Organized by Units 



Unit 1. Matching; Same/More/Less 

A. Given two sets of objects, the student pairs the objects and states 
if the sets have the same number of objects. 

B. Given two sets of objects, one grossly larger than the other, the 
student states which set has more. 

C. Given two sets of objects, one grossly larger than the other, the 
student states which set has less. 

D. Given two sets of objects, the student pairs the objects and states 
which set has more. 

E. Given two sets of objects, the student pairs the objects and states 
which set has less. 



Unit 2. Seriation 

A. Given two objects of different sizes, the student selects the larger 
(smaller) object. 

B. Given three objects of different sizes, the student selects the largest 
(smallest) object. 

C. Given objects graduated by sizes, ihe student seriates according to 
size. 

D. Given three sets of objects, the student matches and states which 
set has the most (least). 

E. Given several sets of objects, the student seriates the sets accord- 
ing to number of objects in each set. 

Unit 3. Number Concept and Countinjj to 5 

A. Given two sets of numerals (to 5)» the student matches. 

B. C/iven a stated numeral and printed numerals with sets to the litu- 
dent selects the stated numeral. 

C. Given a written numeral with a set to ^, iht* student roacis. 

7 'J 
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Appendix A (Cont'd) 



D» 'I'he student recites numerals in order {to 5). 

E. Given a set of 0-5 moveable objects, the student counts objects 
moving (hem out of set as he counts, 

F. Ciiven I'ixed sets of ordered objects I to 5, the student counts ob- 
jects. 

G. Given a stated numeral lo 5, the student writes it. 

I'nit 4. Number Concepts and Counting to 10 

A. Cxiven two sets oi numerals to 10. the st\ident matches. 

B. Given a stated nuiv.er.:! and printed numerals with sets to !0» the 
student selects tlu- numeral. 

C. Given a written nunit :- ^ih a set to 10, the student reads. 

D. Tile student recite rals in ordt.?r (to 10). 

E. Given a set ol 0-lU ir.oveable objects, the student counts objects. 
l\ \.iiven a fixed set of ordered objects !-I0, the student counts object 
Ci. Given a stated numeral to 10, the student writes : 

Unit S. Pairinu Numerals with Sets to ^ 

A. Given a fixed set of unordered objects to 5, the student counts ob- 
jects. 

B. Given either a numeral to 5 and several sets of objects or a set and 
several numerals, the student either identifies the set represented 
by the numeral or the numeral represented by the set. 

C. Given several sets of objects and several numerals to 5, the stu- 
dent matches numerals with the appropriate sets, 

D. Given a number stated (to 5) and a set of ob^-Tts, the student counts 
out subset as stated. 

E. Given a number to 5 and a fi.xed set of objects, the studtjnt circles 
the number of objects represented by the number ijiven. 

Unit t't. Pairini; Numerals wnth Sets to 10 

A. Given a fixed set of unordered objects to 10, the student counts 
objects. 
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Appendix A (Cont'd) 

B. Given either a numeral to 10 and several sets of objects or a set 
and several numerals, the student either identifies the set repre- 
sented by the numeral or the numeral represented by the set. 

C. Given several sets of objects and several numerals to 10, the stu- 
dent matches the numerals with the appropriate sets. 

D. Given a number stated (to 10) and a set of objects, the student 
counts out subset as stated. 

E. Given a number to I 0 and a fixed set of objects, the student circles 
the number of objects represented by the given number. 

Unit 7. Comparison of Sets 

A. Given two sets of objects, the student counts and states which set 
has more (less) objects or that the sets have the same number of 
objects. 

B. Given three sets of objects, the student counts and states which set 
has the most (least). 

C. Given two sets of objects (not paired), the student states which set 
lias mor e- - r egardle s s of arrangement. 

D. Given a set ot objects and a numeral (to 10), the student states 
which shows more (less). 

E. Given a set of objects and a set of numerals, the student selects 
the numeral that represents the set, one more than the set, and 
one less than the set. 

F. Given two written numerals, the student states which rfhows more/ 



G. Ciiven a set of numerals 0-10, the student places them in order. 
Unit 8. Addition and Subtraction Conctipts 

A. Given two sets, the student make,*-' the two sets equivalent by adding 
or removing objects. 

B. ' tiven two numbers; (whose sum is to 9) and a set of object t; with the 
directions to add, the student acids the numbers by counting out two 
stibsets then combinini; and stating the combineti number as the sum. 

C. Cilvon tAvo nimibers (to and a riet of objects witli directions to sub- 
tract, the sfvident counts out smaller ^^ubsets from larger sets and 
states reniainde r. 
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D. Given two sets, the student draws a picture showing the union of 
these sets. (LIMIT: Maximum of 9 elements in the union set. ) 

E. Given a set, the student shows (i.e., by crossing out objects) the 
removal of a subset. 

F. Given a representation of union of sets or removal of a subset, the 
student writes the number sentence. (LIMIT: Sums through 5. ) 

G. Given a representation of union of sets or removal of a subset, the 
student writes the number sentence. (LIMIT: Sums from 6-9. ) 

Unit 9. Addition and Subtraction Using the Number Line 

A. Given a number line illustrating a number sentence, the student 
identifies whether the operation of addition or subtraction is indi- 
cated.. (LIMIT: Sums to 9. ) 

B. Given a number line and a completed addition or subtraction sen- 
tence, the student uses the number line to illustrate the sentence, 

•(LIMIT: Sums through 9. ) 

C. Given two numbers stated (sums to 9) and a number line with direc- 
tions to add, the student uses the number line to illustrate the addi- 
tion and find the sum. 

D. Given two numbers stated (to 9) and a number line with directions 
to subtract, the student uses the number line to illustrate the sub- 
traction and find the solution. 

E. Given a number line and an addition or subtraction problem, the 
student uses the number lin*i to illustrate the operation and find the 
solution. 



Unit 10. Addition and Subtraction Sentences 

A. Given addition and subtraction word stories, tho student writes the 
number sentence. (LIMIT: Sums to 9. ) 

B. Given pictures, the student illustrates union of sets or removal of 

a subset, and writes the number sentence. {LIMIT: Sums through 9. 

C. Given an addition or subtraction sentence in the form: a f b - Q 
or a - b = Q , the student completes the sentence. 

a a 

D. Given an addition or Hubtraction sentence in the forn^: -f b or -b , 
the student completes the sentence. 

E. Given an addition sentence, the student writes tv^'o subtraction 
sentences for the same numbers. (LIMIT: Sums thr >ugh 9. ) 
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F. CViven a number sentence in the form a f - c or | | r b - c, 
the student completes the sentence. (LIMIT: Sums through 9.) 

G. Given a number sentence in the form a - Q /\ , the student 
gives several solutions for the sentence. (LIMIT: Sums thrc igh 
^. ) 

H. Given a set or a number line to represent a sum, the student write 
several addition and subtraction sentences for each sum. 



Unit 11. Be^innin^ Fractions 

A. Given a partitioned shape, the student indicates v. hether or not the 
parts are equivalent. (LIMIT: 2. 3, or parts. ) 

B. Given a shape partitioned into eouivalent parts, thr student writes 
the numeral that indicates the number of part :. (LINUT: 2, 3, or 
4 part5. ) 

C Given a whole object and fractional parts of that object, the studei t 
idenlTfies oite-half, one -third, one -fourth, and a whole object and 
states how many halves, thirds, or fourths are in a whole. 

I Given a set of objects partitioned into equivalent p i ts, the student 
states how many equivalent partes are in the whoU- and identifiers 
whole, halvfs. thirds, or fourths of the set, 

E. Given objects and sets of objects partitioned into equivalent parts, 
the student states how many equivalent parts are in the wliolt: aiui 
identifies whole, halves, thirds, and quarters. 

F. Given a sliape. the studen' partitions it into halves. liiird^, or 
fou rths. 

Cj. Given a set of objects, the ^ tiv't-nt partitio.is it into halves, third.s, 
or fourths. 

II. Givt'u IV/. wholes partitioned ir.to halves, third?, and quarters, the 
sludent states how many parts are in both whole: . 

r. Given i f^-^ions a. id sets, the student partitions them into halws, 
thirds, and quartf^rs. 



Linit 12. Money f 

A. riiven a collection of f*. S. C(nns arvl thr a.-irne of n sptTifi.-; coin, 
the student matches the specified cc.\:. v.ith a picti:re of rithrr of it... 
faces. 
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Unit 13. Grouping by Tens and Ones 

A. Given a set of objects, the student groups the objects by tens and 
counts the groups as one ten, tv.-c tens, ..three tens, . . ., ten ..ns. 
(LIMIT: Numbers of objects arp, ..r* multiples of ten» from 10 through 
100.) 

B. Given a set of objects, the student groups the objects by tens and 

completes statements of the form tens and ones. 

(LIMIT: 1 through 99. ) 

C. Given objects structured in groups of tens and ones, the student 

completes statements of the form tens and ones, and 

then writes the standard numeral. 

Dr Given a list of standard numerals, the student selects the numeral 

named by a given statement of the form tens and 

ones. (LIMIT: I through 99.) 

E. Given a standard numeral ^ 100 and objectj.', the j^tudent counts out 
and arrant^r- ; into set^ of tens and extra ones the number of objects 
indicated by tlie nume.al. 

F- Given a standard numeral, the student completes statements of the 
form teny and ones. (LIMIT: 1 thro'..j;h ) 

Unit 14. Time I 

A- The student says the names of the days of the week in order. 
Unit Numeration to 100 

A- Given a number chart, tl student complt -i.'s it by writing missing 
numerals from 1 through '"'Q, 

B. Given objects structured in groups Df tens, the sM:dent counts tho 

croups as ten, twenty, thirty on hundred. The student 

says ihe multiples of ten in order from ten to one hundred. 

C. Given a standard numeral, the student says the nur i^. : ^ame. 
(LIMIT: 1 through 1 00. ) 

n. The student counts to 100. (LIMIT: I through 100.) 
Unit lb. Money II 

A. Given a picture of a U. .■>. coin, the stiKlerit u'rites its numerical 
val'ie. 
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Unit 17. Addition and Subtraction with Sums to 

A. Given an addition or subtraction sentence and a number line, the 
student uses it to illustrate and complete the sentence. (LIMIT: 
One-digit addends. ) 

B. Given an illustration of the union of sets or r noval of a subset, 
the student writes the number sentence. 

C. Given pictures, the student illustrates union of sets or removal of 
a subset and writes thr- number sentence, (LIMIT: One-digit 
addend s. ) 

D. Given an addition or subtraction sentence, the student illustrates 
using union of sets or removal of a subset. (LIMIT: One-digit 
addends. ) 

E. Given an addition or subtraction word story, the student draws 
pictures illustrating union of sets or removal of a subset and 
writes the number sentence. fLIMIT: One-digit addends.) 

F. Given an addilio.i or subtract n sentence written in vertical form, 
the student complet<.»f^ it. (1 MlT: One-digit addends. ) 



Unit 18. Time 11 

A. The student says the names of the months in order. 

B. G; en a clock face, the student write- the mis.-^ing numeraLs on the 
face. 

C. Given a clock face with the minute a^ri hour hand^ shown and a set 
of statements describing the r>osition of each hand, the student 
identifies the correct st '.ement^ :'or each face. 



Unit 19. Open Sentences 

A. Given an addition sentence, the sti:dent writes Zi second addition 
sentence which illustrate^ the commutative property o:' addition, 
the student tests to see if the commutat./r property iiolds lor sub- 
trartion. (LIMIT: One-digit addends. ^ 

C . ,.>n an additi'jn senttrnce, ti^.e stv:deni writf.- iwo rublr.icrion .-.n- 
t riros lor the sanie numbe:-s. (irMH": C^iu'-di^it addend 

C, Given a number s».'ntence in the iar::. ri [j ^ . ' --^tudenl 
complet'.'s the sentence in r.eve ral wav- . fiMMlT: C ru' - ^: i:^ it 
addends. ) 



Si. 
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D. Giv«?n a number sentence in the form p. - = c or Q + b - c, 
the student completes the sentence. (X^IMIT; One-digit addends. ) 

E. Given a number sentence in the form a + b = []~| + Q, the student 
completes the sentence in seve -al ways. (LIMiT: One-digit 
addends, ) 

F. Given a number sentence in the form a i b = c lZ! or a + b - Lj ^ 
the student completes the sentence. (LIMIT: One-digit CLddep'Js-.. ) 

Unit 20. Multiplication 

A. Given a set 10, the stuc: -nt replirates and :;tates "a sets of b are 
in c. " 

B. Given a number line with equal intervals indicated, th- ludent com- 
pletes statements of the ;orm: There : re jump, of 

in each jump. 

C. Given a number line, the student begins at zero an - draws arrows 
to show a i^iven itumber of jumps of a given size. 

D. CJiven an array, the student completes statements of the form: 
"Tliere are .-ets of in each set.*' 

K. viiven the number of sets and the number in each set, the .'Student 
make.s the rray. (LIMIT: One-digit factors. ) 

F. <.uven an array, or a number line with equal intervals indicated, 

the strudert - r- ■,p'.?tes statements of the form: " jumps/row.s/ 

si'fs or* in . " (LIMIT: Cue -digit factors. ) - 

i't. i-'en . on of number line intervals and arrays, the student 

sti'tt:.^ : ..*ts of b - c can be noted . -=1 a x b - c. (LIMI'i: Sin- 

ti^e -djL»:i ...lor 5. ) 

I'l! lI I . W ord Name ^ -7 ( ro *o N i nety -Nine 

A. (liver vcrr? lan:*.-; for numbers zero to ten, the student rcacis thv 
word n:i .in<i rnatrhes it to thr ^or re - pone! in- .-et or .-landnrd 
•-■':me 'a I. 

l<, G I V e n c» e ■ r r •■ t a n<: a rd nu n ; e r a 1 0 t < ■ ' . th r- s t ud o nt w r < • s the 
wore r.or.ii or the numbt^r. 

C 'ii.-o'i v.ord ime> lor iTiiiltiple^ of ton tfu- lent reads 

vf f vo-'d nar .0 ar d matc'^i's i\ to th'.' .*cr re-vpOM<U:'_; M.rncturfd net 
or s^a-. inr'' ::umeral. 

1;'" er wo: '! ran.es frr nim^beri^ to t' sf,;'^*or.t :'<'.' ' ' the word 

• '"itaichi-s tc Jh** ccr ."I'Spori'Mr - ■ r s. . ■ 'i > ur .-standard 

'V : ..^ mi. 
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E. Given an ordered set with an element indicalec, the* .■•;tU'lcnt identi- 
fies the ordinal position of the element. fLhVlIT: I- irst-tenth. ) 

F. Given a pair of numbers, the student identiliei: which nv.nib-jr is 
"i^retrer '.han'' and which number is "Irss ■ the oihor or if they 
are equal and write*? nui. r sentences r 2iatioriship. 

Unit 22. Division 

A. Given objects -100), the studenr y ..y a number 10 and 
states how many sets of a are in b. 

B. Given a set of a objects, the student circles sets of b objects and 
completes statements of the form: "T^ere are sets of b 
in a. 

C. Given a number lire illustr^^in^ repeated subtraction, the student 

completes statements of the I'orm: jumps of a in each jump 

were taken away from b to " zero" or "a jumps of in each 

jump were taken from b to = zero. " No repeated subtraction 
shown. (LIMIT: Products throui^h 25. ) 

D. Given the number of objects in the array and the number of sets, 
the student makes thr- array and completes statements of tht* forn*. 

"There are i^'ts of a in b" or "There are c s»''ts of 

in b. " (LIMIT: One-di-it factors. ) 

cnit 23. Applications 

Given a pair of numbers and a specified op^.* rat ion, the student 
writes a number sentence or example and co;7:pletes it. (LIMH': 
A'"idition and subtraction of one -digit add'*nds. ) 

B. Ciiven an addition or subtraction word ^: "y, the student writi - the 
number sentence for the specified niin^^* 

C. liven an addi'ion or sub! rac tion .vo: . . obU-::. involving; r'r-.oni y. 
mea-^urement urils. time, the stnident writer the number. 

D. Ciiven a idard nurrK-ral or a Roman ni:rr;«T--.L tlie student iJes 
an eq'.:i\-ai .? Rorr.an or stan^larrl ni:r;;eraL (LiNtl l; I throii-^h .^0. ) 

Cnit 24. 1" Inactions 



A- Cjiver; t',:;.e:' a re-,j:r>n partition :d into oqui va lent par? 'Aith .-.haricd 
parts o.' 'iic -ente:^r».'. the stesrltnt either ccjinph't •;■ - --.ntenct's at 
thi' foilowiitu form; of equivaU nt pari-, or identi- 

fies *h^' corr'^c. pic'i-re. n iMI'i KMhs. ) 

HI 
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P>. Given either a rc-gion pa^-titioned quivalent parts with shaded 

parts or a fraction, the student either identiues the fr?.ction which 
shows what part of :ie picture is shaded or identifies t}ie correct 
picture. (I.T>^IT: ! ^fhs. ) 

C. Given a region divided ^nto equivalent parts, the student writes a 
fraction for the shade<i part and identifies the numerator and the 
denominator. 'IJMIT: i2ths. ) 

D. Given sets of objects or a region aod a f rat lion, the student parti- 
tions theiii '*nto equivalent parts and identifies the part the given 
fraction indica,'^s. (LIMIT: IZths.) 

E. Given a pair of fractions, the student uses , ■ , or - to show 
the relationship of the two fractions. (LIMIT: 12ths, and either 
the denominators or the numerators in a pair of fractions must be 
the same. ) 



Unit 25. Addition 

A, Given three sint;le -digit numbers, the student adds in two different 
ways to lljstrate the associative principle for addition and tests 
for a£so\:iative principle in subtraction. 

Cnven r 'lumn addition problems with 3 or 4 single-digit addends, 
the stiiden' .^Ives and checks using the associative principle. 

C. C;iven addition and subtraction problems with single-digit addends, 
liif student dcrr^onstrates timed m<,.stery. 

U nit 26. \*ult :p r :aiL Ji. and Division 

A. Given an array, the "tuiient writes miiiM - * ication sentences tor 
each array, f 1.1X111: S:ngle-di£^it faci..Sr-1 

Ciiven an array, th^* ^tuaent writes division sentences for the 
array, i i-IMIT: Siim'e-cl-git factors. ) 

C. (Jiven word storit-s illustr;i in^ a m^jJtip ic iti^-r. : ^nce, the 

sMident wriU- ■■ thr- multiplication scrr.rnv (J '.V 'V: .-Ji:! i -digit 
1 .A< ■ or s. ) 

I), Given word stories ill'istrating ad: '-i -.r -- . ^ -tiidont 

writes the ciivision sen;--ncf. fl-lMI.' 'e-di :.t ^ors. 

E. GivtMi T.Kr- . ^ J-.e st'jd«,*nr shows co;ir. n-^ by ■ - ^t.vi ir,ter- 

vals to .i u'i^'-'O '* ^nd wxltot^ a multiplic.it: in -'.-n'r ;'-!.- and a 
re:-.»atc.d .li.oir. ..»M;'..'r ' ? mate hi.-; illust r ati.^n. 
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F. Given a number line and an end point, the student counts by stated 
intervals to the end point, answers the question, "How many inter- 
vals of A are in B'^", and writes the problem in a division sentence 
and as r( peated subtraction. 

Unit 27. Numeration 100-1,000 

A. Given structured groups of 100 objects in .*ach group, the student 
counts by I 00s to 900. and states that there are C groups of one 
hundred in C hundred. 

B. Given a set of 100- I, 000 objects (not rovr.d number but multiple of 
10), the student counts by K'vs, thon 10:-. 

C. Given a set oi 100-1,000 objects (not multiplei^ of lOs or lOHs), the 
student count ii by lOOs, then lO.s, then onetr*. 

D. Glvf-n structured groups to the student completes the t^cntencc: 

hundreds and teri.'^ and ont-rJ, and writes thu 

nT:mber as a standard numeral. 

E. Given a standard numeral for a rjimber to ^^9^, the .<t\idont wriltrs 
the dit^it wliich is in the one.^', ten.-', or hundr^'ds' place and identi- 
fies the place value ; particular ciigit. 

F. ^avc-n a number 1, '. the student reac!^^. 

G. Given a r;tated number _^ 1.000. r* •/ student writes. 

H. Given word names for numbers to the student r-fads the word 
name and matches it to the co r rt- sponrl-n-; structured r^et or Htanr 
ard numeral. 

r. Given a place value chart, the sturi.-nt v/riti'i^ nun - .:ils to* in 
columns for hundrer!;^, tens, and ones ^ccordin^^ o the plac-.- value 
of each digit.. 

"iiven a stated number flOO-1, 000) and a set oi objects, tht' st .dent 
co':nis out correct s /osi"'t and writes cor n-s ponding numt?r.il. 

lUven an indicated seri^■:tion. the -tuc't-nt ritt:: num.bi^rs in she rt 
"^-eq .encei^ oi numerals from, h star'in^ poin'. (UMIT: ' 

' t 2 . M ' : l_t ij3l i c at i oft a n^ : Div ision . : o n .-^ 

A, n a muUiplicarion tahl-- tor f^'^^-, both of vh -- I'arts 

ti'if student writes; the nv::r".*' :*a] w ';v hfli'n',. ■ i:: . cn i^rv.; 
r-.rA uses th*- tab!'' :o cc^rriplete r :ii iplicati'.'- . «:nTrnc<-: 
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B. Ciiven a multiplication table for iacts with factors of 6-9, the stu- 
dent writes the numeral which belongs in each empty cell and uses 
the table to complete multiplication sentences of the form a x b = 

C. Given multiplication sentences with a missing factor, the student 
solves the equation by writing the missing factor. (LIMIT: Single- 
digit factors, ) 

D. Given division sentences with a rrissing factor or product, the 
student fills in the frames fc the missing term. (LIMIT: Single- 
digit factors. ) 

E. Given a division sentence, uie student uses known multiplication 
facts to solve the division sentence. (LIMIT: Single-digit factors. ) 

F. Given a division jrtntence in the form CI - b = c, the student writes 

a related -ItipMcation sentence in the form bxc=:[] or cyb=r] 
and completes both sentences by writing the missing product. 
(LIMIT: One -digit factors. ) 

G. Given a \vu ! problem for which i multiplication sentence is appro- 
priate, the student writes a corresponding sentence and uses a 

. ultiplication table to complete it. (LIMIT: Tw' one-digit factors. ) 

H. ( .ven a miiltipHcation tablr- and a word problem for which a division 
sentcjice is appropriate, * student writes the sentence using the 
multiplication table. CiMTT: One -tl7A;\L factors. ) 



Unit 39. Addition and Subtraction 

A. Given number written with two digits, rhe student o^nands and 
I'eLj r oiips . 

T.i. Given an ar^'iition problem, the student adds u.-ini; expands ! nota- 
Hon. (LI.ViT; :. 2-digit addend.^. ) 

C. v en a subtraction problem, the sludent subtracts usini? cx^^anded 
r. :ation. (LIMIT: Addend 3 -dij^it numc^rals. ) 

D. Given an addition or subtraction problem, the student solvt-s using 
expanded notation, (j MiT: _ 3-dii,'ir n-imorals. 



Uni: .Ml. Money [11 



Givt-n a picture of a U. S. dollar bill, .c student states }iow many 
coins of a specified denomination (pcnr.y, nickel, di -rn,., quarter, 
or half-dollar) are equivalent in -.alue to u. c;iven a picture of a 
five>dollar bill or a ten-dollar bill, th- ' :d<-nt staU'- how many 
one-dollar bills nro equivalent in value- 
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B. Given a picture of a U. S. coin, the student identifies a set of coins 
equivalent in value. 

C. Given a picture of a dollar bill, the student identifies sets of coins 
that are ecuivalent in value to a dollar. 

D. Given a picture of a set of coins, the student write? trie valut- of the 
set and id ntities a set of coins equivalent in value. (LIiNUT: 
cents. ) 

E. Given a pictiire of an item and it.s purchase price, the student identi- 
fies a set of coins needed to purchase- it. (LIMIT: 99 cents. ) 



Unit 31. Addition and Subtraction Tv,-o-Digit Numbers II 

A. Given a two-digit addend anii a one- or two-di.i;it addend, the student 
adds usinu the standard al^'orithm. (LIMIT: No regrouping: sums to 

QQ. ) . 

B. Given a two-digil sum and a onf- or two-digit addend, the student 
subtracts using the standard algoritlmi. (LIMIT: No rej^rouping: 
sums to ^9. ) 

C. Given a two-digit ad ''lend and a ono-di^it :idfic:id, tl-.-- student add;, 
usini; the standard algorithm. (LIMIT: Sums tc^ . ) 

D. liven a tv. >-digit sum and a one-rn^it addf:ui, ihv student subtracts 
using the standard algoritlmi. 



Unit 32 Time HI 

A. '^iiven a completed -^lock face witli the minute hand at li, the stv:- 
dent completes slau-ments of the form " o'clock. " 

L. .;iven a completed clock face, the student completes statements ot 

the form " minutes past a o'clock." TIk' student cc)mpl«:trs 

the sialenient. "There are minutes in one hour. ' (LLMI'f: 

i trirou^h ^'-^ past the hour. ) 

C. liven a completed clock face, the -P.Hient completes statcnu-rit> oi 

the fo.'-n^. ■ minutes before o'clock, ' and ^l^•eI> a co?!i- 

pleted statement, be identifies the appropriate clock face. (LIMIT: 
1 f.hro'uh 3 0 minutes before the hour. ) 

;). file st';den' cor;.nIetes suilerr.ents of the form. ' T' -I'e a:-e 

n.inules in a if:-.a:ler, half ) }io\i . " (liven statenu-nls of th^ Torn 
• a q«:ar»(T past, a quarter to, or hal: past" a sp^ citied hour, tin- 
stucU-ut sfiec's liiT' approp-iate clock face. 
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Cllven a corr.pJfU^d clock I'aco. the i^tudent complete;^ statements oi 
'* minutes past o'clock, " and given a com- 

pleted statement, he identifies the appropriate clock iace, (LIMIT: 
I throui^h minutes r st the boSvr. ) 

Gjven a completed dock faco, the student completes tu-o state- 
ments oi the form " minutes past o*clock" and " 

minute.s b^(q,re o'clock. " (LLMIT: I through 30 minutes be- 

fore the hoi; r. ) 



Unit 33. Addition and Subt rac tion - - TV-o-Digit Numb rs I II 

A. Given an addition or subtraction example, the student completes it 
Ui^in^ the standard algorithm and writes a corresponding example 
using the inver-e operation. (LIMIT: Sums 99; two one- or two- 
digit numerals, ) 

B. C.i^.•r- -n ^dditic:, or subtraction word problem, the student solves 

T};re<> one-di^if addends or t^vo two-digit addends; 

■ "^^^it addend and a one- or two-diizit addend, the stu- 
- .r.i -^/inL; tJie standard algorithm and ch-.'cks his answer using 
thf commutative property. (LIMIT: Sums l^S.) 

n. G.ven a three-digit sum, the student subtracts using the standard 
algorithm to find the one- c:' t'vo-digit difference. (LIMIT- Si'ms 
I ^ 

V:. rrivcn an addition or subtraction problo-: whose addends are ono- 

or t^'o-diglt, the student solves usint; ihc short algorithm. (I IMIT- 
-■irn,s _ IQS. ) 



Unit j>4. Beginn i ng D oci rnal s 

A, Given one of the following forms, a decimal fraction, word name, 
or common fraction for tenths, the Ht .^innt writes thf other two 
("orms. 

«"';iven any of the following forn:>, a decimal fraction, -A-ord name, 
or common fraction for hnndrodths, the student writes the other 
two forms, 

C. (iiven a pure decimal fraction, tht- >tiid.'nt writr.- it in -xpanded 
notation, 'T-iMrT: - 
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Unit 35. Applications II 

A. Given an addition or subtraction sentence illustrating the identity 
property of zero, or i»ivfn a multiplication sentence illustrating the 
identity property of. zero, the student compK-tes the sentence by 
writing; the missing adden ' . sum, factor, or product- (LIMH': 
Sums to 99, or one-digit factors.) 

B. Given ft bar i;raph, the student answers questions and solves addi- 
tion and subtraction problems based on the graph. (LIMIT: Sums 
to 9^; one operation per problem. ) 

C. Given a standard numeral, thi^ student identifies each oxpressicm 
equivalent to it in a list of iu.iicated sums, indicated differehcv s, 
indicated products, indicated qxioticnts, or Roman numerals. 
(LIMIT: One operation per t;xpression; sum:^ to •^9; ono-cii^ll 'ac- 
tors; Roman numerals to XX>:; multiplication table may Ik •.-.s. r? 
for multiplication and division expressions. ) 

D. Ciiven a multiplication or division word problem and a multiplication 
table, the student writes a completed number senlencc appropriati' 
to the solution of tlie problem. (I.WIT: Ono-dii^it tactors" onr 
operation per problem. ) 

K, Citven a word problem and a set of number sentence i^, tht- stiidtrnt 

identifies a number sentence appropriate to the solution of the prob- 
lem, {LIMIT: One operation nor problem; st.'ntence with the unknown 
i.'^olat.ed on the ri^^ht side of the equation. ) 

F. 'iven t^vo expressions each of which is an iruiicated sum. difference, 
product, or qiiotlent, the student writes - , , or - between them to 
complete the nun'-ber sentence. (LIMIT: Sums to '"'9: one-digit lac- 

ors: one operation per expression; multiplication and division expres 
: ons . ) 

G. Given a word problem, the student writes ■, , or - bi-tween thtrm 
to complete the number sentence. f LIMIT: Sums to ^'^^i one-rli«j;it 
factors; one operation per expr»'ssion; a multiplication tahh* may oe 
used lor multiplication nd division problems. ) ... 

H. Ciivt-n an addition, subtraction, multiplication, or division ^>t•^t(•:lct^ 
the stur--! - completes the sentence anfi fhen writes a eor ri'SporjMini^ 
number sentence for the ir «'rsc operation. (LIMIT: Suni.s tu 
one-di.Liit facrors: multiplication table m.av bt- ut*-^i :or mnltipUeat ion 
and division .sentences. ) 

I'm". 5 , N u me r a t i on ' P I a c e V a 1 1 e 

A, ri'.e- st'irieni co:: pi'-U'S siaierMen: to inciici?'- ' ■ ■■ : :< :. one.-. I'qn.il cnr 
tf'n, I en tens cQiial one hundred, anci ten : - t-e-.ial onv tb.ou-rtnri. 
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B. Given a standard numeral, the student writes the digit that is in 
the ones', tens', hundreds', or thousands' place or identifies the 
place value of a specified digit. 

C. Given a numeral, the student writes it in expanded notation; given 
the expanded notation for a numeral, the student writes the standard 
numeral. 

D. Given a spe.'ified starling point, the student writes numerals in 
ascending crder in short sequences by ones, fives, ten or hun- 
dreds. 

E. Given a numeral, the student writes it in expai/ ied notation and re- 
names it by r«'iirouping from one specified place to another. 

F. Given a number, the student rounds to the nearest ten or hundred. 

Unit 37. Expanded Addition and Subtraction of Three-Digit Numbers 

A. Given a three- or four-addend addition problem with a missing 
addend, tlie student solves for the missing term. (LIMIT: Single- 
digit addends. ) 

B. ,/iven an addition or subtraction sentence with one- or two-digit 
adden ls and a mis.sing sum or addend, the student completes it. 
(LIMIT: Sums to 99: two addends. ) 

C. Given any two-addend addition or subtraction problem where 
addends are three digits, the student solves Ui^ing expanded nota- 
tion and regrouping. 

D. Given any i^'o-addend addition problem whose addends are — three 
digits, the student solves using partial sums. 

I 'nil " ^S. Addition and Subtraction Using the Short Algorithm 

A. Given a three-digit addend and a one-, t^^^o-. or thrc- -digit addend, 
the student adds using the standard algorithm. (LIMIT: Three- 
digit sums. ) 

U-iven addend?, the student adds using th*' standard algorithm. 
(LI.MIT: Four three-digit addends. \ 

C Giv.'n addends, the student add.*: using the st.'indard algorithm. 
fLIMIT: Four four-digit addends: four digit suni.s. ) 

1\ Givt-n a t};ree- or four -digit sum and an addend, the student sub- 
tracts using the standard algorithm. M-IMIT: our -digit addcrid,-^: 
no regrouping frorri hundreds' or thousands' plac' . "1 
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E. Given a sum and an addend, the student subtracts using the stand- 
ard algoridirn. (I.IMIT: Three- or four-digit addends; four- 
digit sums. ) 

F. Given an addition or subtraction example, the student solves using 
the standard algorithm and writes a corresponding example using 
the inverse operation. (LIMIT: IVo four -digit adcion'i:^ : [oar- 
digit sums. ) 

Unit 39. Multiplication and Division Wor<3 Problems aXx. - 'C^r-n 
Sentences 

A. Given a division sentence of the form a : Q - c, the student com- 
pletes the sentence. (LIMIT: One-digit factors.) 

B. Given a division sentence or -xample in which either the divisor or 
the quotient is 1, the student completes the sentence or example by- 
writing the missing quotient, divisor, or dividend. (LIMIT: Divi- 
dend £ 999. ) 

C. Given a word problem for which division is the app, riate opera- 
tion, the student writes the corresponding division fact and writes 
the answer with the appropriate label. (LIMIT: One«digit factors. ) 

D. C^iven a word problem for which multiplication i^; the appropriate 
operation, the student writes a corresponding multiplication fact 
and writes the answer with the appropriate labt'l. (LIMIT: Two 
one-digit factors. ) 

E. Given a number, the student writes a specified number of basic 
m\j*i:i plication tacts with the given number a.s the product. (LIMIT: 
Given number must be nonzero product of two one-digit factory. ) 

Unit 40. Mastery of Multiplication and Division Facts 

A. The student demonstrates mastery of the basic facts of niultipli- 
cation. (LIMIT: One-digit factors: hori;rontal and vertical form.) 

B. The student demonstrates mastery of the basic facts of division. 
(LIMIT: One-digit factors: forms b^a, a : b, and a/b. ) 

C. Given an array partitioned to show the partial products resulting 
from the nniltiplication of a two-digit nun:ber by a on<'-<iigit num- 
ber anrl i4iven directions for writing a multiplication sentence for 
each part of the array^ the sum of tlie partinl products, and a nnil- 
tiplication sentence for each part of the array, the sum of the partial 
products, anri a multiplication senienc.:' for thv L?ntire arravr tlie 
Htude;.; write.^ eacli of the sentences atiti tlie suni. n.LMIT: Iwo- 
dii^it factors le«« than 20. ) 

90 
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D- Given multiplication problems, the studen t writes the multiplicand 
in expanded notation and solves it. (LIMIT; 9 x 99. ) 

E. Given a multiplication example with a two-digit multiplicand and a 
one-digit multiplier, the student multiplies using partial products. 

F. Given a division example with a two-digit dividend and a one-digit 
divisor, the student solves using partial quotients. (JJLMIT: Mo 
remainder. ) 

G. Given three one-digit factors, the student multiplies. 

I-I. Given a multiplication example with a three-digit multiplicand and 
a one-digit multiplier, the student m;jltiplies using partial products. 

I. Given a division example with a three-digit dividend and a one-digit 
divisor, the student solves using partial quotients. (LIMIT: Mo 
r^^mainder. ) 

J. Given multiplication example with a two-digit multiplicand and a 

one-digit multiplier, the student multiplies using the multiplication 
algo rithm. 

K. Given a multiplication example with a three-digii multiplicand and 
a one-digit multiplier, thr ^tud^ni r;:ulfcii>i\eii' using the multiplica- 
tion algorithm. 

Unit 41. Fractions 

A. Given a picture of a region or a set ot* objects partitioned into equiva- 
lent parts, the student writes the commoii fraction for a specified 
fractional part. -'* . 

Given a common fraction ^/h and ^- 'veral pictures of a region par- 
titioned into b congruent pArtt^, th. student sha*les each region to 
illustrate the fraction so li it no two regions look the .same. 

C. Given a common fraction and a picture of a set ot* objects, the stu- 
dent circles a specified fractional part of the set. 

D. The stud(^nt comph^tes statements cj. common fractions to tell how 
many halves, (hirdi-\ fourths, ... or tenths are ecnivn.lont to tv/r 
v. iioles. 

E. Given a common fraction greater than or equal to 2, the student 
writes the equivalent whole number or ruixed form with the fraction 
less than I . 



